Françoise Chatelin 
email: chatelin@cerfacs.fr
  
Nahid Emad 
email: nahid.emad@uvsq.fr
  
On the behavior of the angle between two vectors in R n as n → +∞ whose components follow a normal or uniform distribution

The purpose of this document is to study, experimentally, the behavior of the basic operations on vectors whose components are random numbers with different distribution laws. Specifically, we compute the dot product of two vectors whose components are random numbers with distribution law taken to be normal on the one hand and uniform on the other.

Oppenheim-Ricoux (OR) conjecture

Let x ∈ R n and y ∈ R n be two vectors whose components x i (resp. y i ), i = 1, n are random variables with standard normal or uniform distribution. The angle between these vectors is defined by

θ n (x, y) = x || x || , y || y || (1)
which is equivalent to

cos(θ n ) = < x, y > || x || || y || ∈ [-1, +1] (2) 
The Oppenheim-Ricoux conjecture presented in 2014 [1] states that :

(OR) lim n→+∞ | θ n |= π 2 ⇔ lim n→+∞ | cos(θ n ) |= 0 (3)
The present note is an experimental validation of (OR).

Description of experiments

In order to present these experiments, we consider two real vectors x and y of length n which the components are randomly drawn with the normal and uniform distributions. We study numerically and statistically the convergence towards zero of | cos(θ n ) | as n tends to +∞. For that we compute | cos(θ n ) | by (2) for n ∈ [1, N ] where N ∈ N * takes increasingly large values. The statistical software that we use is R language and its environment for statistical computing and graphics [2].

Normal distribution

Here, we suppose that the components of x and y are randomly drawn with the normal distribution whose mean µ = 0, variance σ 2 = 1. Two types of experiments are considered. The first type is numerical : the size N of the vectors varies. In the second type is statistical, we consider p samples of a fixed size n, n = 10 and n = 1000.

Normal distribution : first case

In this set of experiments, N takes 10, 100, 1000, 10000 and 100000 values successively. The left side of the figures 1-5 represents the evolution of | cos(θ n ) | when n goes from 1 to N . We notice that for n large | cos(θ n ) | tends to zero.

Let z ∈ R n be the vector whose components are z i = cos(θ i ), i = 1, n. The right side of the figures 1-5 represent the distribution of the variables z i , i = 1, n. The distribution seems to follow the normal law when n is large. -10 (resp. 11-15) represents the evolution of E p when N is fixed to 10 (resp. 1000) and the size of sample varies between 1 and p (with p = 10, 100, 1000, 10000 and 100000). The right side of the figures 6-10 (resp. 11-15) represents the density of "random variables" E i , i = 1, p. We notice that this distribution seems to follow the normal law.

This table 2 shows the decay of E p as a function of the growth of p. Each line of the this table presents the mean value of E p for p ∈ {10, 100, 1000, 10000, 100000} for a fixed n (10 for the first line and 1000 for the second line). We can notice that E p tends to zero when p becomes large. 

N c( 2 ) c( 3 ) c( 4 ) c( 5 ) c( 6 ) c( 7 ) c( 8 ) c( 9 ) c(
1 -| cos(θ n ) | for n = i , i = 1 to 10 in the interval [1, N ].

Uniform distribution

Here, we suppose that the the components of x and y are randomly drawn with uniform distribution on the interval I = [a, b]. As in section 2.1, we consider wo types of experiments. In the first one, the size of the vectors varies. In the second type, we consider p samples and the vectors of a fixed size n.

Uniform distribution : first case

In the set of experiments presented here N takes successively the values 10, 100, 1000, 10000 and 100000. The left side of the figures 16-20 represents the evolution of | cos(θ n ) | when n goes from 1 to N . We notice that for n large | cos(θ n ) | tends to zero.

Let z ∈ R n be the vector whose components are z i = cos(θ i ), i = 1, n. The right side of the figures 16-20 represents the density of "random variables" z i , i = 1, n. According to these figures, the distribution seems to follow the normal law when n is large.

As in the case of normal distribution law, we also show the evolution of | cos(θ n ) | by presenting its numerical values for growing values of n. The same manner as in Section 2.1.1, we consider the interval [1, N ] divided in 10 equal segments [ i-1 , i ] for i = 1, 10 with i = i-1 + (N/10) and 0 = 0. Then, we display the values of | cos(θ) | on the terminals of these sub-intervals. Table 3 3) c( 4) c( 5) c( 6) c( 7) c( 8) c( 9) c( 10 

Uniform distribution : second case

Suppose that the components of vectors x and y of length n are randomly drawn with uniform distribution law on the interval [a = -1.0, b = +1.0]. Let X j and Y j represent these random variables corresponding to the sample j and Z j represents cos(θ n ) corresponding to the same sample j (for fixed n). Here, as in the section 2.1.2, we present the mean value E p = 1 This table 4 shows the decay of E p as a function of the growth of p. Each line of the this table presents the mean value of E p for p ∈ {10, 100, 1000, 10000, 100000} and a fixed n (10 for the first line and 1000 for the second line). We can notice that E p tends to zero when p becomes large.

A zoom (1000 times) on the left side of the last experiment (i.e. : Figure 30) highlights the convergence to zero of E p . This zoom is presented in the figure 31. 

Observation

The OR conjecture seems to be verified by the above experiment when the variables are randomly drawn with standard normal and uniform distributions. 
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 67 Figure 6 -Evolution of the mean value E p for p = 1, 10 (fixed n = 10)
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 16 Figure 16 -The size of the vectors goes from 1 to 10
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  Z j | where p is the size of the sample. The left side of the figures 21-25 (resp. 26-30) represents the evolution of E p when n is fixed to 10 (resp. 1000) and the size of sample goes from 1 to p (with p = 10, 100, 1000, 10000 and 100000). The right side of the figures 21-25 (resp. 26-30) represents the density of "random variables" E i , i = 1, p. Again, the distribution seems to follow the normal law.
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 22 Figure 22 -Evolution of the mean value E p for p = 1, 100 (fixed n = 10)
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Table 2 -

 2 presents the values of c( i ) =| cos(θ i ) | for i = 1, 10 and N given in the first column. E p for various n and p

	n	p	10	100	1000	10000	100000
	10		0.1595175	0.006914514 0.0001481639 0.0007234779 0.0005579374
	1000	0.0009650849 0.0007422512	0.00172796	0.0003205711 0.0001605052
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 3 | cos(θ

n ) | for selected n in a sample (each line represents a sample of size N )
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 4 E p for various n and p