N

N
N

HAL

open science

Phase diagram of a pure substance ?
J.A. Nasser

» To cite this version:

‘ J.A. Nasser. Phase diagram of a pure substance 7. 2020. hal-02464478v1

HAL Id: hal-02464478
https://hal.uvsq.fr/hal-02464478v1

Preprint submitted on 3 Feb 2020 (v1), last revised 8 Apr 2020 (v2)

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépot et a la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche francais ou étrangers, des laboratoires
publics ou privés.


https://hal.uvsq.fr/hal-02464478v1
https://hal.archives-ouvertes.fr

Phase diagram of a pure substance 7

Jamil A. Nasser®
Laboratoire d’Ingénierie des Systémes de Versailles (LISV),
EA 4048, CNRS, Université de Versailles Saint Quentin,
45 avenue des Etats-Unis, 78035 Versailles, France
* e-mail: jamil.nasser@uvsq.fr

February 3, 2020

Abstract

We discuss a two-dimensional model that leads to a phase diagram
which reproduces at least qualitatively that of a pure substance. It is
known that a spring between two atoms is due to a bond created by the
interaction between the electrons of both atoms. Consequently a variation
of the quantum state of the electrons involved in the bond can modify
the elastic force constant of the spring. That is a kind of atom-phonon
coupling.

We consider a square lattice of N identical atoms linked by springs
between atoms first and second nearest neighbors. We assume that the
elastic force constants of all the springs can vary. The system is studied
by using a variational method. First order phase transitions are obtained.
The phase diagram of the system displays the features observed in the
phase diagram of a pure substance: three thermodynamic phases, three
coexistence curves, one Triple point and one Critical point. Applied pres-
sure can be introduced in the model.

key words: phase transition

1 Introduction

In this study we can reproduce at least qualitatively the features of the phase
diagram of a pure substance, that is : three thermodynamic phases, three co-
existence curves, one Triple point and one Critical point. This study is inspired
by that of molecules with two electronic energy levels [1].

When there is an electronic bond between two atoms the potential energy of
interaction of both atoms V (r) displays a minimum at rg,  being the distance



between both atoms. The molecule vibrates around this minimun. For small
displacements the vibrations are harmonic. Then, we can say that there is an
harmonic spring between both atoms. The force constant of this spring k is
the second derivative of V (r) and the vibrational energy varies as vk. In the
adiabatic approximation|[2, 3], the potential energy V' (r) is the sum of the elec-
trostatic repulsion of the nuclei of both atoms and of E (r), one eigenvalue of the
electronic Hamiltonian. This electronic Hamiltonian is obtained by neglecting
the Kinetic energy of both nuclei. We neglect the possible variation of ro with
the eigenvalue. So, for the fondamental level E; (), V (r) can be written

1
V(r)=FE+ 5]@1 (r —ro)?
and for the first excited level, V' (r) can be written
1 2
V(’I”) = E2 + 5]432 (T — To)

At low temperature the electronic system is in the fundamental energy level
FE and the force constant is k1. Heating the molecule it can pass in an excited
level E5 and the force constant becomes ko. If k; < ki the vibrational energy
is lower in the excited level than in the fundamental one. Consequently, when
the electrons are in the fundamental level the electronic energy is small but
the vibrational energy is large while when they are in the excited level the
electronic energy is large but the vibrational energy is small. So there is a
competition between the electronic interactions which favour the fundamental
level and the vibrational interaction which favours the excited one. In Solid
state this competition can lead to a first order phase transition between the
phase where all the molecules are in the fundamental level and that where they
are all ( or nearly all) in the excited one[4]. The previous discussion made with
energy can be made with the free energy.

Let us consider a square lattice of N identical atoms where each atom is
linked by springs with its first nearest neighbors and with its second nearest
neighbors. Up to now the only case studied is that where the force constant of
springs which link two atoms first nearest neighbors can have two values k1 or
k2 [5,6]. In this study we are concerned with the case where the force constant
of all the springs can have two values.

In section 2, we present the crystal Hamiltonian and the variational method
used to study it. In Section 3, we give the results obtained by numerical calcu-
lations and the last Section is devoted to discussion and conclusion.



2 Theoretical study

2.1 Lattice Hamiltonian

Let us consider a square lattice of N identical atoms. Each atom [ moves around
a lattice point [. The position vector of the lattice point [ is

R, = La; + bas 1)

where a7 and a3 , the basis vectors of the lattice, are orthogonal and have the
same length a, and where I; =0,1,2,...Ny — 1 and I = 0,1,2,... Ny — 1. So the
lattice point [ is defined by the set (I1,l2), and we can write | = (I1,13). It is
clear that N = N1 Ns.

For studying the atoms movements, we introduce the orthogonal axes Oz
and 537 which are parallel to a; and as, respectively, the origin, O, being at
the lattice point (0,0). We assume that each atom is linked to its first nearest
neighbors and to its second nearest neighbors by harmonic springs.

The four first nearest neighbors of the atom | = (I1,ls), are the atoms :
1D = (I +1,15), 1® = (I1,1o + 1), I®) = (I; — 1,13) and 1Y = (3,13 — 1). We
call ey, the elastic force constant of the spring linking the atoms [ and 1(@)
with a = 1,2,3,4. The potential energy of the elastic interaction between the
atom [ and its four first nearest neighbors is Ep;(I) given by

1 2 9
Epi(l) = 5 (eum (w = wm)” + ey (wr — uye)
+ene (v =)’ + ey (v —vw)?) 2)

— —
where u; and v; are the components, on the respective axes Oz and Oy, of
the displacement of the atom [ around the lattice point [. So, the total elastic
interaction between pairs of atoms first nearest neighbors is

1
Epltot = izEpl(l) (3)
@

>~ is the sum over the N lattice points. Periodic boundary conditions are
O]
assumed.

The four second nearest neighbors of the atom [ = (I1,l3) are the atoms:
LW = (3 + 1,1+ 1), L® = (I; = 1,lb +1), L® = (I = 1, — 1) and LW =
(li + 1,1 —1). We call € ), the elastic force constant of the spring which
links the atoms ! and L(®, with o = 1,2,3,4. The potential energy of the
elastic interaction between the atom [ and its four second nearest neighbors is
then



1 - - .
Epa(l) = 3 (Growbirw +er@bre +erebre +ermwbrw) (4)

with
2
blL(l) = 5 ('LLL(l) — U + 'UL(l) - Ul) (5)
1 2
blL(z) = 5 (ul — U + Ve — ’Ul) (6)
1 2
b = 3 (upe —w +vpe — ) (7)
1 2
blL(4) = 5 (ul —Up@a + U@ — Uz) (8)

So, the total elastic interaction between pairs of atoms second nearest neighbors
is
p2tot ZEpZ (9)
@

The Hamiltonian of the crystal vibrations is
th = Ec + Epltot + Ep?tot (10)

where E. is the kinetic energy of the atoms.

Now we introduce the following assumptions :

i) Each atom [ contains two electronic subsystems (1) and (2). The electronic
subsystem (1) contains the electrons which are involved in the bond between
the atom [ and its four first nearest neighbors and the electronic subsystem
(2) contains the electrons which are involved in the bond between the atom [
and its four second nearest neighbors. The electronic subsystem (i) (1 = 1,2)
has two energy levels separated by A;: the fundamental level, called (a;) is
not degenerated while the excited one, called (b;) has the degeneracy r;. To
the subsystem (4) is associated the fictitious spin &; which has two eigenvalues
oy = £1. In others words, each subsystem (i) has its own space of quantum
states and its physical observable 7;;. And we work in the tensorial ( or direct)
product of both spaces.

The electronic Hamiltonian of the atom ! can be written

Ay Ay
H.(l) = 71011 T 72021 (11)

and the electronic Hamiltonian of the crystal is

Aq A
H. Z < o+ 2021) (12)



ii) The value of the spring constant ej), with & = 1,..4, depends only on
the quantum states of the electronic subsystems (1). This spring constant takes
three different values A, p or v, following the relation

A42u+v  v—2A A=2u+v
et = TV, (011 + 01y) + o110y e (13)
4 4 4
We can verify that the above formula gives ey = A when 01; = 0yj0) = —1,

€1ty = v when 017 = 015y = +1 and e;;0) = g when o1; # 04;0). Moreover,
we assume that
A>p>v (14)

iii) The value of the spring constant €7, with « = 1,..4, depends only on
the quantum states of the electronic subsystems (2). This spring constant takes
three different values A, fi or v, following the relation

N A2+ -\ N—2+7
€L = 4 + 4 (02l + 02L<0)) + f

021091,(a) (15)

We can verify that the above formula gives §I7L<a> = A when 09, = 095, =
-1, gl7L(n/) = 7 when o9 = Oor(a) = +1 and gl)L(a) = U when og; 7£ 091, (a)-
Moreover, we assume that

A>R>v (16)
Ultimately, H, the Hamiltonian of the crystal is

AV IR Ay
H= Ec + Epltot + Ethm‘, + Z (10'1l + 2021)

3 5 (17)
O]

2.2 Reduced parameters

It is interesting to take A as the unit of elastic force constant and to introduce
the sets of reduced parameters (z,y) and (Z, %) defined by

IZX (18)
F=x (19)
2u=A+v)+y(A—v) (20)
2ﬁ:(X+ﬁ)+g(X—a) (21)

From the relations (14) and (16), the parameters « and Z are comprised
between 0 and 1, and the parameters y and y must be comprised between —1
and +1.



With these new parameters, e« and €y, can be written
e =A(a+b (O’ll + Ull(a)) +c Ullall(a))

and
€11,(0) = X (&’4—3 (0'21 +02L(a)) +502102L(a)>
with
1+
2
z—1
4

a —C

b:

c=1yb

and —
- 14+z _
a= c

c=1b

(27)

(28)

(29)

It is worth to notice that the parameters b and b are negative or equal to

Zero.

2.3 Phonon - atom interaction

By inserting relation (22) in the expression of E,; (1), equation (2), the potential

energy Fpi0¢ can be writen

1
Epltot = ZAQZAZ + VZ + VEQ;
O]
with
A = (ul — ul(l))2 + (ul = U3 )2 + (Ul — 'Ul(z))2 + (’Ul — ’Ul(4))2

1
Vlz = 2)\6%)214[ 011

and

e
Viee = 5 ((ug — u;(l))Q ouoyw + (u — Ul(3>)2 01101(3)

O]

+ (01— v@)? onoe + (U — vw ) ouoyw)

(30)

(31)

(32)

(33)



The energy term V;z is a Zeeman-like interaction which can be written

Vig = Z — hiou (34)
O

with 1
h; = —§AbAl

As the parameter b is negative, the field-like h; which acts on the fictitious spins
o1; favours the eigen value o1; = +1. The energy term Vg, is an exchange-like
interaction between the fictitious spin o1; and its first nearest neighbors ;)
(e =1,..4). When the parameter c is positive, this interaction favours, the case
011 = —01;(«» When this parameter is negative this interaction favours the case
011 = 01t and when it is equal to zero, the exchange-like interaction is equal
to zero.
For the following we assume
y=20 (35)

which implies that the exchange-like interaction Vg, is equal to zero.
By inserting relation (23) in the expression of Eps (I), equation (4), the
potential energy Fpaor can be written

1~ ~ _
Epstor = A0)_Bi+ Vaz + Vapa (36)
()
with
B, = blL(l) + blL(fz) + blL(:s) + blL(4) (37)
_ 1~ ~
Voz = 5)\ bE B; 09 (38)
)
and
~ e
Vobs = ?Z (bipyo209r,0) + by 020902 + by 020956) + b 0205 @)
1)
(39)

As previously, the energy term Vy is a Zeeman-like interaction. As the para-
meter b is negative, the field-like which acts on the fictitious spin o9; favours the
eigenvalue o9 = +1. The energy term ‘N/Em is an exchange-like interaction be-
tween the fictitious spin o9; and its second nearest neighbors 647 (o =1,..4).



When the parameter ¢ is positive, this interaction favours the case o9 = —0 51 ()
when this parameter is negative this interaction favours the case 09y = 011(a)
and when it is equal to zero, the exchange-like interaction is equal to zero.

For the following we assume that

y=0 (40)

which implies that the exchange-like interaction 17Er is equal to zero.

2.4 Variational method: effective parameters|7, §]

For the variational Hamiltonian H, we take the sum of a phonon Hamiltonian
Hypp and of a spin Hamiltonian Hygy,

Hy = Hopp, + Hosp (41)

2.4.1 Variational phonon Hamiltonian H,,

We introduce two parameters E and E. The first one, F, is an effective spring
constant that replaces the spring constants ej), and the second one is an
effective spring constant that replaces the spring constants €;7,). Those F and
E do not depend on the electronic states of the subsystems (1) and (2). The
phonon Hamiltonian Ho,, (E, E) is then

Hopn (E E) = B + Epio (B) + By (E“) (42)
with
Tl
Epo (E) = 5D 5 EA; (43)
0)
B0 (E) - %Z%EBZ (44)
0)

The Hamiltonian Ho,p (E , E) is the Hamiltonian of vibrations of a square lat-
tice of atoms linked by springs between atoms first and second nearest neighors
, the spring constants being F and F, respectively. It is known that there are

o= (F)
o= (F)

two dispersion relations

and



which correspond to two acoustic branches of the crystal. In the previous rela-
tions the vector ? is the phonons wave vector. The previous dispersion relations
are given in the Appendix.

The free energy associated to the Hamiltonian Hop (E, E) is

Foph = kBTZ; In | 2sinh BT
(%)
where kp is the Boltzmann constant, 5 = ,CE%T and Z is the sum over the
(%)

two phonons branches. Using the matrix density of Hopp, (E, E) the thermal

(45)

mean values of the parameters A; and B; are (4;), and (B;),, respectively. We

have
2.5
o (F)\ no
4 ! h Ow
Ay = — th | ——= | === 46
(Aido NZCO = 20F (46)
(%)
and
(K)o
4 ! h Ow
(%)
where g—}j and g—% are the partial derivatives of the dispersion relations. The
expressions of
g—g and g—% are given in the Appendix.

2.5.1 Variational spin Hamiltonian Hy,,

We consider the case where the exchange-like interactions Vg, and Vop, are
equal to zero. We introduce two fields-like hy and ho which act over the fictitious
spin o1; and T4, respectively. Those fields-like are uniform.

The spin Hamiltonian Ho,), is

HOsp = HOspl + HOsp2 (48)
with
Hosp1 = Z —hioy (49)
@)



and
Hyspo = Z — haoy (50)
)
With this spin Hamiltonians, all the fictitious spins of the electronic subsystem
i, (1 = 1,2), have the same thermal mean value m; given by

_ —exp(—ph;) + 1 exp(Bh;)

;= 51
exp(—pBh;) + rexp(Bh;) (51)
Equations (52) are called self-consistent equations.
The free energy related to Hys,, is
Fosp = —N]i}BT (ln Z0spl + In Z()sz) (52)
where the partition function zosp; is given by
Zospi = exp(—Bh;) + ri exp(Bhi) (53)

Ultimately the variational Hamiltonian is given by

Hy=FE.+ Eplo (E) + Epgo (E) + Z — hlgll + Z — hga'\gl (54)
U] O]

The free energy associated with Hy is given by
FO = FOph + FOsp (55)

that is
Fy = kBTZ In | 2sinh ﬂT

(%)

— Nk’BThl Z0spl — Nk'BTlIl 20sp2

At the first order of a perturbation calculation we obtain o
E =X (a+2bmy + em}) (57)

E=2\ (a + 2bmy + Emg) (58)

h= 50— LA A+ em) (59)

hy = —% - % (Bi)o A (E+Em2) (60)

In the present study the parameters ¢ and ¢ are equal to zero.

10



2.6 Thermodynamic Parameters

The crystal free energy, at the thermodynamic equilibrium, is

A A
F:F0+N<21+h1>m1+N<22+h2)m2 (61)

The fraction of atoms in the excited level (b;) is

1
ng = ™ (62)
2
and the fraction of atoms in the excited level (bs) is
1
- +2m2 (63)

When the parameter m; is equal to —1, the fraction n; is equal to zero and the
electronic subsystems (i) are in the fundamental level (a;) and when m; = +1,
they are in the excited level (b;).

By taking the infinitesimal variation of F' (eq. 62) we obtain

A A
dF = —SdT + Nm1d71 + Nm2d72
We can calculate the crystal entropy by using the relation
OF
=—— 4
S a7 (64)

So we obtain
S = Sph + Ssp (65)

Sph:lzlcoth ﬁm}gk> hw(k)—k:BZ/ln 2sinh | f———=~

T_) 2 < 2

(%) (%)
(66)

and 1
Ssp = Nkp (ln 20sp1 + In Z()Spg) — NT (m1h1 + mghg) (67)

From the relation
F=U-TS (68)
we deduce
— —
, hew ( k) hew ( k) A, A,

U= coth | 8 5 + N7m1 + N7m2 (69)

(%)

11



3 Numerical study

The numerical study consists essentially in solving the self-consistent equations
(52) by taking into account the relations (58) to (61) . For that, it is interesting
to use the reduced parameters previously introduced. Moreover, we take hw s ()

wi () = 2\/mT (70)

where m, is the mass of the atoms. The value of fiwps (A) is roughly estimated
to 1000K or 695 cm~'. With this unit of energy, we introduce the following
reduced parameters:

as the unit of energy with

e the reduced temperature ¢

kT
t= 71
e the reduced energy gaps
Ay
0= —— 72
d
" 5o = U (73)
* T hwm (V)
e the reduced free energy per atom
F
- - 4
I = NFom ) (74)
The crystal entropy can then be written
of
mol = —R— 75
Smol ot (75)

for one mole, where R is the gaz constant.

3.1 Study of the self-consistent equations

We fix the values of the temperature and that of all the model parameters and
we look for the values of m; and mg which satisfy the self-consistent equations
(52). A solution is a set (mq,mg). For each solution we can calculate the values
of the crystal free energy f and that of the parameters ny and no .

If there is only one solution, this solution is the thermodynamic state of the
crystal. If there are several solutions, the free energy values of those solutions

12



must be compared. The solution which has the lowest free energy value is
the thermodynamic state of the crystal. When the free energy value of two
solutions (mq,mg) and (m}, m}) are equal and are the lowest, both solutions
are thermodynamic states of the crystal which then displays a first order phase
transition between both thermodynamic states.

At the transition there is an entropy discontinuity, that means that the
value of the crystal entropy is not the same for both solutions. The entropy
discontinuity is defined by AS = S — S, where S" and S are the values of
the entropy for the soutions (m}, m}) and (my, ms), respectively. Similarly, the
parameters nq and ng can be discontinuous. The discontinuity in n; (i = 1,2)
is defined by An; = n; — n;. When the transition temperature increases the
magnitudes of those discontinuities decrease. At the Critical temperature T (
or t¢) the magnitudes of those discontinuities are equal to zero. We have used
this property for finding the Critical temperature value.

3.2 Results

In this study Ny =40, No =50, 7 =719 =4,y=3 =0,z =10"° and 2 = 0.2.
So, the results depend on the temperature ¢ and on the three parameters §1,
02 and Z. One can expect that the stable state at very low temperature is
(0.,0.), that is (m; = —1,my = —1) and (1,1), that is (m; =1,me =1), at
high temperature. Between the brackets, the first number corresponds to the
value of n; and the second one to that of ns.

We have particularly studied the cases where d; is equal to 0.5, 0.7, 0.9 and
1.3.

3.2.1 Thermodynamic phases and discontinuities

When we fix the values of Z, 61 and ds, the thermal variation of the solutions
shows the presence of one or two first order phase transitions depending on
whether d is small or large. When d, is large there are two first order phase
transitions at the thermodynamic states A; and Ay. When 65 is small there is
one first order phase transition at the thermodynamic states Az. Let us call ¢1,
to and t3 the temperature of the states Ay, Ay and Ajs, respectively, we have

ta 2t 213 (76)

For each thermodynamic state A1, As and A3 there are two stable solutions with
the same free energy value (or two thermodynamic states). The thermodynamic
states A1, Ay and A3 are shown in Fig.1. This Figure is obtained with §; = 0.5,

13



T =10 2 and 63 = 0.6 and 0.45. In this Figure the slope of the curves f ()
displays a discontinuity at 1, to and t3.

At the thermodynamique state A; (or at the temperature ¢1) of Fig.1 the two
stable solutions are (0.039,0.000) and (1,0.000). In the state (0.039,0.000), the
majority of the electronic subsystems (1) and (2) are in their fundamental level
(a1) and (a2), respectively. We say that this state belongs to the thermodynamic
phase (@, a). In the state (1.,0.000), all the electronic subsystems (1) are in the
excited level (b1) and all the electronic subsystems (2) are in the fundamental
level (az). We say that this state belongs to the thermodynamic phase (b, a).
So, at A; there is a first order phase transition between the phases (a,a) and
(b,a). The discontinuity in nq is Any = 0.961 and that in ng is Ang = 0.000.

At the thermodynamique state Ay (or at the temperature t5) of Fig.1 the
two stable solutions are (1,0.002) and (1, 1). The state (1,0.002) belongs to the
phase (b,a). In the state (1, 1), all the electronic subsystems (1) and (2) are in
their excited level (by) and (bs2), respectively. We say that this state belongs to
the thermodynamic phase (b,b). At As there is a first order phase transition
between the phases (b, a) and (b,b). The discontinuity in nq is An; = 0.000 and
that in ny is Ang = 0.998.

For other values of the parameters ¢, T and 0, the states which belong to
the phase (a,a) are of the form (ni,n3), with ny and ny lower than 0.5; those
which belong to the phase (b, a) are of the form (1,n4) and those which belong
to the phase (b,b) are of the form (1,1) or (1,n5), with nj near the unit. As
for the discontinuities they are An; > 0.6 and Ans < 0.2 at A1 and Any =0 at
As. The value of the discontinuity Ano at A, varies but must be equal to zero
at the Critical point. We have used this property for finding the Critical point.

We have verified that the states of the (a,a) phase are stable below t;, those
of the (b, a) phase are stable between ¢; and t2 and those of the (b, b) phase are
stable above t3.

At the thermodynamic state Ag (or at the temperature t3) of Fig.1, the two
stable solutions are (0.018,0.000) and (1,1). So, at Aj there is a first order
phase transition between the phases (a,a) and (b,b). The discontinuities are
Any = 0.982 and Ans = 1 . For other values of the parameters ¢1, T and do
those discontinuities are always near the unit.

At the states A1, As and Aj of Fig.1, the slope of the curves f (¢) displays
a discontinuity which corresponds to the discontinuity in the entropy. The
approximative values of the slope of the curves are: —0.1901 and —1.6683 at
Ay; —1.7638 and —8.7084 at A, and —1.0358 10~* and —7.7855 at As.

To sum up there are three thermodynamic phases (a, a), (b,a) and (b, b) and

14



028 Figure 1

A 3
s 5,=0.5 xtd=10
e 0 0 0Qq !
§ 024r 0 5,045
s + 5,20.60
g 020} CZ .
) + o+ o+ A
8 0.16 2
® oy
8
£ 0412t o
° +
Q
E]
2 0081 o
o 1 1 1 1 T

0.03 0.04 0.05 0.06 0.07
Reduced temperature t

three first order phase transitions (a,a) — (b, a), (b,a) — (b,b) and (a,a) — (b, ).

Figure 1. Thermal variation of the reduced free energy per atom. In the
Figure, ztd stands for . The reduced temperatures of the thermodynamic
states A;,As and As are t1, to and t3, respectively. The slope of the curves
is discontinuous at A;,As and As. Consequently the entropy of the crystal is
discontinuous at t, to and t3.

3.2.2 Triple point

The values of t1, to and t3 vary with the change of §o at fixed values for J;
and Z. The plot of those values in a diagram (J9,t) allows to obtain the phase
diagram of the crystal for §; and z fixed.

The phase diagram for # = 10 ~2 and &; = 0.50 is shown in Fig. 2. In this
Figure, the value of to minus that of ¢1, to —t1, is equal to 0.029680 for do = 0.7
and decreases when the value of d5 decreases. There is a value of 5 such as t
is equal to t;. Let us call dop this value. Similarly let us call t1 the value of
t; when t; and t2 are equal. The set (do7,tr) are the coordinates of the Triple
point T in the diagram (d2,t).The Triple point T is a thermodynamic state
where the free energy values of three states are equal, one state belonging to
the (a,a) phase, another to the (b,a) phase and the last one to the (b, b) phase.

For a given value to §; and 7, the crystal displays one first order phase
transition for do lower than dor and two first order phases transition for do
larger than dop.
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Figure 2
T

T T T T

0.7 O + 4
§ (b,a)
206 O + .
o (a,8)
o
&
30T @ 8,=0.50 xtd=10""
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| | | | |
0.03 0.04 0.05 0.06 0.07

Reduced temperature t

In the case of Fig. 2, the coordinates of the Triple point are (0.499, 0.044876).
In fact, it is difficult to obtain the condition t; = t3. We consider that this
condition is reached when t5 —t; < 3 10~%. We then take for tp the value of
t1 and for §or the corresponding value of d5.

We have calculated the values of the Triple point coordinates dor and tr
for different values of §; and . The results are shown in Fig.3 and Fig.4. The
variation of ¢t with T is very small, less that one per cent when Z varies from
1073 to 1072

Figure 2. The values of t1, t2 and t3 as functions of the energy gap d5. In
the Figure, xtd stands for . The value of ¢t minus that of ¢1, to — ¢1, decreases
when 05 decreases. It is equal to zero at the Triple point 7. In the Figure the

values of t; and Z are constant.

Figure 3. Value of the Triple point coordinate dor as a function of the
parameters §; and Z. In the Figure xtd stands for z. As shown in the Figure,

021 decreases when T increases.
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Figure 4. Value of the Triple point coordinate tor as a function of the
parameters d; and z. In the Figure ztd stands for . As shown in the Figure,
tor does not depend on .

3.2.3 Ceritical point

In the phase diagram shown in Fig.2, the discontinuity in ny along the (b,a) —
(b,b) coexistence curve is constant and equal to 0.998 when 0z ( or t3) increases.
So this phase diagram has not a Critical point or this Critical point is at infinite.

We have verifies that the discontinuity Ang at Ao, that is along the (b,a) —
(b,b) coexistence curve, does not depend on the values of the parameters §; and
02 and depends only on the values of the parameter . The variations of Ans
with the values of Z for the sets (61 = 0.7,d2 = 1.) and (7 = 1.3,02 = 3.6) are
shown in Fig.5. From this Figure, It is clear that the value of Ans does not
depend of the values of the set (1, 02). Moreover, it is clear that there is a value
of  for which the discontinuity Ans is equal to zero. This value that we call Z¢
is, from Fig.5, lower than 0.18. So, for z higher than z¢ the first order phase
transition (b,a) — (b,b) does not exist for any value of the set (d1,0d2). That
means that for  higher than o the temperature ¢ and the state As do not
exist, the crystal passes from the phase (b,a) to the phase (b,b) continuously.
The value of t5 for T = X is the critical temperature tc of the crystal. This
temperature varies with the values of the set (1, d2).

We can obtain the value of ¢ by increasing slowly or continuously the value
of z from the value 0.166. This procedure makes difficult to obtain Z¢. In Fig.5,
for T equal to 0.166 and 0.169 the discontinuity Ans is equal to 0.170 and 0.102,
respectively. Taking into account the difficulty for finding z¢ and t¢, we take in
this study £¢ = 0.166. We then can calculate the value of t¢ which depends on

18



Figure 5
T

c T T T T

S

=2 100+ + 8,=1.3 §,52.36
& X 8,=0.7 5,=1.

o 08f _
2]

5 X

= 06} i
) X

=

= X

c 04+ .
S +

o

S 02 >K_|_ .
© +

5 00 | | | | |

0.00 0.04 0.08 0.12 0.16 0.20
Reduced parameter xtd

those of (01, d2). So, for (61 = 1.3,02 = 3.6) and (61 = 0.7,02 = 1.) t¢ is equal
to 1.437067 and 0.39268, respectively.

Figure 5. Value of the discontinuity Ang as a function of Z. In the Figure

xtd stands for . The discontinuity does not depend on the values of the set

(01,92).

3.2.4 Phase diagram

In order to obtain a phase diagram which present a Critical point we have to
take into account different values of the parameter . The phase diagram of
the crystal in the (z,t) diagram for §; = 0.8 and d3 = 0.7 is shown in Fig.6.
The numbers in the brackets are the values of the discontinuity Ans along the
(b,a) — (a,a) coexistence curve.

We call 7 the value of the parameter x for the Triple point T'. In Fig.6,
Zr = 0.096 and tr = 0.194896. We know that z¢c = 0.166. In Fig.6, tc =
0.269601 and t1¢, that is the value of ¢t for £ = ZT¢ is tic = 0.197445. For
Z = 0.18 we are sure that the temperature t; does not exist.
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The ratio t1¢ /¢t is 1.01. That shows that the variation of the temperature
of the transition (a,a) — (b,a) between the Triple point and the Critical point
is small. The ratio t¢/tr is equal to 1.38.

If we want to obtain a phase diagram in the diagram (P,t), where P is the
applied pressure, we must assume that the parameter = varies with the pressure.
Assuming a linear relation between P and z, we can write

T=2Ir+cCz (P — PT) (77)

In the above relation Pr is the value of the applied pressure at the Triple point
and cz is a parameter that we consider as constant.

From Fig.6, we see that if we know Ans we can obtain the correspondant
value of . Consequently, if , by experimental studies, we can obtain the relation
between Ans and P, then we can deduce that between T and P, Then we can
calculated the values Zr, ¢z and Pr of relation (77).

Here we introduce an arbitrary unit of Pressure by the relation

for (P—Pr)=1 7=0.12 (78)

From this relation we deduce ¢z = 0.024. We then can obtain in the (P,t)
diagram a phase diagram which looks like that of Figure 6.

Figure 6. Phase diagram of the crystal in the (z,¢) diagram. In the Figure,
xtd stands for . The number between the brackets is the discontinuity Ans
along the (b,a) — (b,b) coexistence curve. This discontinuity is equal to zero at
the Critical point C.
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Figure 6
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4 Conclusion

The assumption that in an atom there are two subsytems of electrons with their
own space of quantum states leads to very interesting results. This assumption
is very often used in Physics and Quantum Chemistry. As for the results, they
have been obtained by using only three parameters of the model d1, d and = .

In this study we have found that the value of Z¢ does not depend on that
of the set (d1,02). We have given to the parameter z the value 0.2 following the
study of Blackman[9]. It could be interesting to see if the value of Z¢ depends
on that of z.

We have given to the parameter x the value 10 ~° in order to prevent the
presence of a Critical point on the (a,a) — (b,a) coexistence curve. This small
value of x means that in the (b,a) phase the bonds between an atom and its
first nearest neighbors are broken. Indeed, we consider that the electronic bond
disappears when the elastic force constant disappears.

In the phase diagram of Fig.6 the parameters §; and d, are constant. We
can try to obtain a phase diagram where the three parameters d1, 02 and T vary.
For that, we can assume that the variations of those parameters are linked to
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the applied pressure P by the linear relations

01 =610+ aP

62 = 620 + CQP

and

T=2o+ czP

where c¢q, ¢y and ¢z are constant.

(79)

(80)

(81)

In the Fig.6, the ratio ¢¢/tr is equal to 1.38. In the case of the carbon
dioxide C'O4 this ratio is near 1.41. Moreover by changing the values of the

parameters 61 and d9 it is possible to obtain very different values for t¢ and tg

In the case of pure substances the values of t¢ and tp are very varied. From

those raisons we think that this model can describe the phase diagram of a

pure substance. In that case, the phases (a,a), (b,a) and (b,b) are the Solid,
Liquid and Gaz phases, respectively. From our results, in the Liquid phase

all the electronic bond between an atom and its first nearest neighbours are

broken while the bonds between an atom and its second nearest neighbours is

still present. Concerning the Gaz phase, this last result is contained in the van

der Waals equation.

APPENDIX

4.1 Phonon dispersion relations for the square lattice

The dispersion relations for the two acoustics branches are

1 1/2
wy = <2 <01 +ca+1/(c1 — 02)2 + 4c§>>

1 1/2
Wo = (2 (01 +co — 1/ (c1 — 02)2 + 4C§>>

[ V)

with N

2F 2F

¢1 = — (1 —coskga) + — (1 — cos kga cos kya)
Mg Mg
2F 2oF

C2 ma( cos kya) + . (1 — coskyacoskya)
2F

c3 = — sinkgasinkya
Me
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In the above relations, m, is the atoms mass, E and E are the elastic force
constants for atoms pairs first neighbours and second neighbours, respectively.
With the boundary periodic conditions, the components k, and k, of the

—

wave vectors k are

2m 2m
k:v = azm and ky = OéyN72a,

with o, = 0,£1,42, ., + (5 — 1), B and a,, = 0,1, 42, .., + (82 — 1), B2,
The wave vector k (0,0) corresponds to a translation mode. So, there are
N;N; — 1 different wave vectors which correspond to phonon frequency values.
The parameters Ny, Ny and a are defined in the text.
Oow

4.2  Calculation of the partial derivatives 7 and g—%

We introduce r by

with

We can write

2 a a a a
or
E 2F E? 42
r=—d +—dy +\| —di + —dj
Mg Mg a a
where
dy =2 —coskza — coskya
dy =1 — cos kzacoskya
ds = coskya — cos kza
dy = sinkgasinkya
So we have
ow 1 0r
OE = 2w OFE
with
1 E d?
% =— (a4 = 7—3~
Mg Mg %d% + %m; dZ
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and

Qw _ 1o
OF 2woE
with
0 1 4E d2
T2 fog,+ 22 i
OE M MMa ng 3 + %fg d3

For some values of wave vector components (k, k,) the parameter d4 is equal
to zero. In that case the above relations are modified. So, r becomes

E 2F E
T = 7d1 —+ 7d2 + — |d3|
Mg Mg Mg
the parameters % and % become
37" d1 ‘d3|
Z 2t
0FE mg, my
and
or _ 2,
OE Mg

where |d3| is the absolute value of ds.
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Figure Caption

Figure 1. Thermal variation of the reduced free energy per atom. In the
Figure xtd represents T. The reduced temperatures of the thermodynamic
states A1,As and Ajg are tq1, to and t3, respectively. The slope of the curves
is discontinuous at A;,As and As. Consequently the entropy of the crystal
is discontinuous at t1, to and t3.

Figure 2. Variation with d5 of the values of ¢, t and 3. In the Figure xtd
represents T. Three thermodynamic phases (a,a), (b,a) and (b,b), three
coexistence curves and a triple point 7" are shown.

Figure 3. Variation with the energy gap d; of the Triple point coordinate
do7. In the Figure ztd represents Z. As shown in the Figure, do7 depends
on 01 and 7.

Figure 4. Variation with the energy gap §; of the Triple point coordinate
tor. In the Figure xtd represents . As shown in the Figure, tor does not

depend on z.

Figure 5. Variation with T of the discontinuity Any at the first order
phase transition between the phases (b,a) and (b,b). In the Figure ztd
represents . The discontinuity does not depend on the values of the set

(01,02).

Figure 6. Phase diagram of the crystal in the (z,t) diagram. In the
Figure xtd represents . The number between the brackets is the discon-
tinuity Ang along the (b,a) — (b,b) coexistence curve. This discontinuity
is equal to zero at the Critical point C.
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