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Abstract

Hironaka’s characteristic polyhedron is an important combinatorial object reflecting the
local nature of a singularity. We prove that it can be determined without passing to the
completion if the local ring is a G-ring and if additionally either it is Henselian, or a certain
polynomiality condition (Pol) holds, or a mild condition (*) on the singularity holds. For
example, the latter is fulfilled if the residue field is perfect.

Keywords Singularities - Polyhedra - Hironaka’s characteristic polyhedron - Excellent
rings

1 Introduction

Let(R,M,k = R/M) be aregular local ring, J C R be a non-zero ideal and (u) = (u, ..., u,)
be a regular R-sequence which is a regular (R/J)-sequence. In [15], Hironaka associates a
polyhedron A(J;u) to this situation, the so called characteristic polyhedron of (J; ), which
is an important tool for the study of singularities. (We refer to Sect. 1 for a detailed def-
inition). It appears in his proof for resolution of singularities of excellent hypersurfaces
of dimension two [17] and also in the generalization to the case of arbitrary two dimen-
sional excellent schemes by Jannsen, Saito and the first named author [3], see also [10] and
the first named author’s contribution in [2]. Moreover, in [22] the second named author

The second named author was supported by Research Fellowships of the Deutsche
Forschungsgemeinschaft (SCHO 1595/1-1 and SCHO 1595/2-1).

P< Bernd Schober
bernd.schober @uni-oldenburg.de

Vincent Cossart
cossart@math.uvsq.fr

' Laboratoire de Mathémathiques de Versailles CNRS UMR 8100, Université Paris-Saclay, 45
avenue des Etats-Unis, 78035 Versaills Cedex, France

Institut fiir Algebraische Geometrie, Leibniz Universitdt Hannover, Welfengarten 1,
30167 Hannover, Germany

Present Address: Institut fiir Mathematik, Carl von Ossietzky Universitidt Oldenburg,
26111 Oldenburg, Germany

Published online: 22 June 2020 ) Springer


http://orcid.org/0000-0003-0315-0656
http://crossmark.crossref.org/dialog/?doi=10.1007/s13348-020-00291-5&domain=pdf

V. Cossart, B. Schober

shows that the invariant introduced by Bierstone and Milman in order to give a proof for
constructive resolution of singularities in characteristic zero can be purely determined by
considering certain polyhedra, which are closely connected to Hironaka’s polyhedron and
its projections. In [20], Mourtada and the first named author provide a characterization
of quasi-ordinary hypersurfaces (defined over algebraically closed fields of characteristic
zero) which involves re-embedding of a singularity constructed via a weighted version of
Hironaka’s characteristic polyhedron. Furthermore, the characteristic polyhedron plays an
essential role in recent work by Piltant and the first named author [5, 6, 8] on the resolution
of singularities of (arithmetic) threefolds.

Let (y) = (3, ...,y,) be a system of elements in R extending (u) to a regular system of
parameters for R. Every g € M has a finite expansion

g= ) Cup

(A,B)EZ;‘"

with coefficients C, 5 € R* U {0} (see [8] Proposition 2.1). If we have g & (u), then
v i=ng(g) :=inf{|B| | Cyp # 0} is a positive integer and the polyhedron associated to
(g, u, y) , denoted by A(g;usy), is defined as the smallest closed convex set containing all
points of the set (which may be empty)

A
{v_—w‘CA,B¢OA|B|<V}+REZO'

Let (f) = (f}, ... .f,,) be a (u)-standard basis for J (which is a particular system of genera-
tors, for which we have f; ¢ (u) in particular, see Definition 1.5). The polyhedron associ-
ated to (f, u, y) , denoted by A(f;u;y), is defined as the smallest closed convex set contain-
ing U?il A(f;;u5y). One has A(f;u;y) 2 A(J;u) and a natural questions arising is whether it
is possible to obtain equality.

Suppose (y) determines the directrix of J' :=J - R/{(u) (which is a technical condition
that we explain below in more details). In this situation, Hironaka proves that one can mod-
ify a given (u)-standard basis (f) = (f}, ... ,f,,) for J and the system (y) in a systematic way
such that for the resulting elements (f :9), we have

AFud) = AUzu) = AURu).

More precisely, (? ) and (3) are constructed by the process of “vertex preparation”. This pro-
cedure consists of two parts which are applied alternately: normalization of given genera-
tors and solving vertices of the associated polyhedron. While the first one concerns certain
good choices of the generators, the latter are translations of the system (y) .

In general, solving vertices is not finite, see Example 1.26, and hence it may become
necessary to pass to the completion of R. The goal of the present article is to investigate
under which assumptions on (J, R, #) we may determine the characteristic polyhedron
without having to pass to the completion.

In [7], Piltant and the first named author show that one can attain Hironaka’s character-
istic polyhedron if R is a G-ring, J is principal, and r = 1. (Note that a regular local ring R
is a G-ring if and only if R is excellent, by [7] Lemma 3.1, which we recall in Lemma 2.1).
This turns out to be an essential tool in their proof for resolution of singularities in dimen-
sion three (see [8] Proposition 2.4). Therefore having in mind the goal of constructing an
embedded resolution of singularities it is natural to ask whether this is true in a more gen-
eral situation.
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Let us provide more details for stating the precise results. Let us fix some technical
notation. Set

R :=R/(u), M :=M-R and J :=J-R.

Let () = (v, ..-,y,) be a system of elements in R extending (1) to a regular system of
parameters for R. The associated graded ring of R’ is

(R = @M /('Y = kY, ... Y],

>0

whereYj :=y; mod M"?andy; :=y; mod (u) € R, forl <j<r.

Consider g € J. Denote by n,(g) the order of g = ¢ mod (u) at the ideal M’. We define
iny;(g) :=g mod (M')'w®+! if 20, and in,,(g) := 0 if g = 0. Let C,(J) be the tan-
gent cone of J' with respect to M’, i.e., C,(J) is the cone defined by the homogeneous ideal

iny, (J') 1= (iny, (@) | g € ) C gryy (R).

The directrix Dir(C) of the cone C := C,(J) C Spec(gr,;(R")) = A; (or, more generally,
of any cone) is the biggest subvector space of A} leaving C stable under translation. Sup-
pose we can choose the elements (y) above such that the ideal of the directrix Dir(C) is
(Y) =(Y,,...Y,). Then (Y) is a minimal set of variables needed to write generators of the
homogeneous ideal iny, (J') C gry,(R"), i.e., there is no proper k-submodule T C gr},,(R"),
T # gr),(R'), such that

(iny, (J') N[T]) gryp (R') = inyn (J).

(Here, gr}w,(R’ ) denotes the part homogeneous of degree 1). In the latter case, we will also
say () determines the directrix of J'.

Theorem A (joint with O. Piltant") Ler (R, M, k) be a regular local G-ring, J CR be a
non-zero ideal, and (u) = (uy, ... ,u,) be a regular R-sequence which is a regular (R/J)-
sequence. Set R' = R/{u)and J' =J -R'. Let () = (y;, ..., y,) be a system of elements in R
extending (u) to a regular system of parameters for R and suppose that the directrix of J' is
determined by (y).

Suppose that R is Henselian. Then there exist (z) = (z,...,z,) and () = (g1, ..., 8,) in
R such that (u, ) is a regular system of parameters for R, the system (z) yields the directrix
of J', (g) is a vertex-normalized (u)-standard basis of J, and

A(g;u;z) = A(J5u).

Another important object associated to a cone and closely related to the directrix, is the
so called ridge: The ridge Rid(C) (faite in French) of the cone C is the biggest group of
translations of A} leaving C stable. The ideal of the ridge Rid(C) is generated by additive
homogeneous polynomials ®, ... ,®, € k[Y, ..., Y,], and we have (see [1] section 2.2, for
example)

(iny, (J) NK[D,, ..., D,]) gryp(R) = iny, (J'),

" In the proof for the existence of the elements (z;,...,z,) (Sect. 5), we follow ideas outlined to us by
Olivier Piltant during a private conversation on Theorems B and C.
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where we require s to be minimal with this property. (Recall that a polynomial ® is called
additive if ®(x +y) = (D(x) + @(y)). After possible relabeling and linear changes in (Y),

we have ©; = qu + Y qui, where 4;; € k \ k% and ¢; = p*, for some ¢; € Z,,, with
e;<e, 1 <i<j<s.

j=i+1

i+1°

Definition () We say that condition () holds (for (J, R, u) ) if one of the following condi-
tions is true:

(a) the dimensior& of t}l(le ridge of C,(J) coincides with the dimension of its directrix,
(b) or char(k) > 2( ) + 1, where X := Spec(R/J).

Although assumption (*) seems rather restrictive at first sight, it includes a large class of
ideals and rings; e.g., (a) holds if the residue field k is perfect.

Theorem B Let (R, M, k) be a regular local G-ring, J C R be a non-zero ideal, and
() = (uy,...,u,) be a regular R-sequence which is a regular (R/J)-sequence. Set

=R/{(u)and J' =J-R'. Let (y) = (y, ..., ,) be a system of elements in R extending (u)
to a regular system of parameters for R and suppose that the directrix of J' is determined
by (»).

Suppose that condition (x) holds. Then there exist (2) = (zy, ...,z,) and (g) = (81, ---+ &)
in R such that (u, z) is a regular system of parameters for R, the system (z) yields the direc-
trix of J', () is a vertex-normalized (u)-standard basis of J, and

A(giusz) = A(Ju).

Hironaka obtains the elements (y) determmmg the characteristic polyhedron as a trans-
lation by elements d)l, . ¢ € (u)R ie., y] =y + ¢ In general, the elements (z) in The-
orem A and B cannot be obtained as such a translatlon of (y), see Example 1.26. Hence, it
is natural to ask under which condition, this is possible, i.e., z; = y; + ¢;, for ¢, € (u) C R
and 1 <j <r.In [7] Corollary 3.4, this question is discussed for principal ideals such that
r=1

In our general situation, we introduce the following which generalizes the hypothesis of
[7] Corollary 3.4:

Definition (Pol) Let (S, N, k) be a regular local G-ring contained in (R, M, k) and with the
same residue field. Let J C R be a non-zero ideal. Suppose () = (u,, ..., u,) is a regular
system of parameters for S such that () is a regular (R/J) -sequence. Let (f) = (f}, ... .f,,)
be a (u)-standard basis of J. We say hypothesis (Pol) holds for (J, R, S, f, u, y) if
R=Sly,....¥. ]y, and f; € S[y,,...,y,] with degy(f,-) = ng,y (s for 1 <i<m, and the
directrix of J’ is determined by (y).

Remark As the reader maybe observes, (Pol) looks like a multi-variable “Weiertrass pre-
pared” condition, but be aware that we allow in f; terms of the form cgy? with |B| = deg,(f)
and where the coefficient ¢z € S is not necessarily a unit.

The condition (Pol) naturally arises when studying singularities (Remark 3.1). In Prop-

osition 2.11, we show that (Pol) is always fulfilled when considering initial forms along
compact faces of a polyhedron associated to (f; u; y) .
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Theorem C Let (R, M, k) and (S, N, k) be regular local G-rings such that R = S[y,, ..., y,1y-
Let J C R be a non-zero ideal and (u) = (u,, ... ,u,) be a regular system of parameters for S
which is a regular (RIJ) -sequence. Let (f) = (f;, ... . f,,) be a (u)-standard basis for J.

Suppose that (Pol) holds for (J, R, S, f, u, y). Then there exist ¢, ..., ¢, € (u) C S and
(8) = (815 .-+ 8n) in R such that, if we define z; :=y;+ ¢;, for 1 <j<r, then (u, 2) is a
regular system of parameters for R, the system (z) yields the directrix of J', (g) is a vertex-
normalized (u)-standard basis of J, and

A(g:u;z) = A(Ju).

The article is organized as follows: After providing background on Hironaka’s char-
acteristic polyhedron, we explain the reduction from a non-empty to an empty character-
istic polyhedron in Sect. 2, adapting the method of [7]. Then, we discuss the important
case Theorem C. In particular, we introduce a finite normalization procedure if hypoth-
esis (Pol) holds. In Sect. 4 (resp., Sect. 5), we show how to obtain suitable parameters (z) if
A(J;u) = @ and if additionally hypothesis () holds (resp., if R is Henselian). After that, in
Sect. 6, we explain how to find appropriate generators for J once (z) are given. Finally, we
provide remarks on the general case (e.g., Sects. 2 and 6 apply for any regular local G-ring)
and discuss further examples.

2 Hironaka’s characteristic polyhedron

To begin with, let us recall the definition of Hironaka’s characteristic polyhedron. More
detailed references are Sect. 7 of [3], section 2.2 of [22], or Hironaka’s original work
[15]. Along this, we prove three new technical results (Lemmas 1.15 and 1.21 and Corol-
lary 1.22). We introduce some notations. Let

e (R,M,k=R/M)be aregular local ring,
e J C Rbe a non-zero ideal contained in the maximal ideal M, and
o (u,y) = Uy, ...,u,;yq,...,Y,) be aregular system of parameters of R.

Furthermore, we set

R :=R/(u), M :=M-R', J' :=J-R, y; :=y

; mod (u) (1 <j<r).

While the choice of () is fixed, we will consider different choices for the system (y) . For
the definition of the characteristic polyhedron, R is not necessarily a G-ring and (in the
variant that we present) the partition of the regular system of parameters is arbitrary. The
interesting situation later will be when (y) is chosen such that it yields the directrix of .J/
and (u) is a regular (R/J)-sequence.

If we denote by U, :=u; mod M? (resp. Y, 1=y, mod M?) the image of u; (resp. ¥;)in
the associated graded ring gr,,(R) of R, then we have

ary(R) := @M /M 2 KU, ..., U, Y,,...,Y,] = kU, Y].

20

Forg € J, g # 0, the order at M is ordy,(g) :=sup{a € Z,, | g € M“}.
The initial form of g with respect to M is defined as
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iny,(g) :=g mod Mo+l € or, (R).

The tangent cone of J with respect to M is the cone C(J) C AZ” = Spec(gry,(R)) defined
by the homogeneous ideal

iny,(J) 1= (iny(g) | g € J) C gry(R).

Similarly to above, using the notation 7] = )TJ mod (M')?, we obtain

gty (R) 2 k[Y,,....Y,] = k[Y].

Let C,(J) := C(J') C A be the tangent cone of J’ with respect to M.
Definition 1.1

(1) LetL:R®— Rbea semi-positive linear form on R°. This means there are a; € R,
such that L(v,, ..., v,) = X, a;v; forv = (v, ...,v,) € R®and at least one a; > 0. Fur-
i=1
ther, L is called rational if a; € Q,, for1 < i < e. If all @, are positive, then L is called
a positive linear form. We set

A(L) :={veR°|Ly) >1}.

The set of semi-positive (resp. positive) linear forms on R¢ will be denoted by
Ly = Lo(R?) (resp. L, = L, (R®)).
(2) A subset A C R is called a rational polyhedron if there are rational semi-positive

linear forms L, ..., L, € L4(R), t < oo, such that
!
A= ﬂ A(L).
i=1

(3) A pointv € R is called a verzex of a convex set A C R if there exists a positive
linear form L € L, (R®) such that

(WeR | Lw) =1} ={v}.

We denote the set of vertices of A by Vert(A).
Definition 1.2

(1) Let g € Rbe an element in R, g & (u). Since R is Noetherian and R — Ris faithfully
flat, we can expand g in a finite sum

8= Z CA,BMA)’B

ABEezy

(1.1)

with coefficients C, € R* U {0}. Denote by v := n,(g) the order of g = g mod (u)
in the ideal generated by y; = y; mod (u), j € {1, ...,r}. The polyhedron associated
to (g, u, y) , denoted by A(g;u;y), is defined to be the smallest closed convex set con-
taining all the points of the set
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A e
{V_—W‘CA»B¢OA|B|<V}+RZO'

2) Let(f) = (f;,....f,,) be elements in R with f; & (u) for all i. The polyhedron associated
to (f, u, y) , denoted by A(f;u;y), is defined to be the smallest closed convex set contain-

ing U, A(fuzy)

In general, there are many choices for (1.1). But, as it is explained in [15] at the begin-
ning of §2, if we fix the regular system of parameters (u, y) and if we require the number
of appearing exponents to be minimal, then the set {(A,B) | C4 5 # 0} is uniquely deter-
mined (and the corresponding iny,(C, p) are unique, even though the set {C, 5} may vary).

If we consider an ideal J C R and generators (fi, ... ,f,,), then the polyhedron A(f;u;y)
depends on the choice of the generators:

Example 1.3 Let R be a regular local ring with regular system of parameters (i, i, ¥}, y,)-
Consider the ideal J = (f) C R, where

(") = (o) = (; +u;, y3 + ).
Clearly, the following systems both generate J:

(©) =(81,8) = (1. +f1) = ()’% +M?, y; +M; +}’% +u3&),
(h) = (hy, hy) = (fifo + 12f) = (4, y3 +ul + 1 + 1))

The vertices of the correspondmg polyhedra are Vert(A(f uy)) = {( ,0); (0, )}
Vert(A(g;usy)) = { ( ,0); (0, ) }, and Vert(A(h;uzy)) = { ( ,0);(0,2) }. Therefore we have

A(gsusy) € A(fsusy) € A(husy).

In order to get hands on this dependence, we have to recall Hironaka’s notion of a (u)-
standard basis of an ideal J.

Definition 1.4 Let (R, M, k) be a regular local ring with regular system of parameters
(u,y) = (uy, ..., U, Yy, ..., y,). Consider g = Y, C, zu*y® € R with an expansion as in (1.1).

(1) (3] Setup A) The 0-initial form of g is defined as

ing(g) 1= ing(8)uy) = Y CpYPedy,....v]
BEZ%
|B] = ng,(2)

where aﬂ = Cpp mod M.
(2) ([3] Definition 6.2(2)) Let L € L (R¢) be a positive linear on R¢ and set

vi(8) 1= (&) 1= min{L(A)+ |B| | C4p # 0}

We define
inL(g) = inL(g)(u,y) = 2 CA,B l]A YB € k[U, Y]
A,B) e Z”’
L(A) + |B| = vL(g)
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with Cy p = C,  mod M.

(3) ([3] Definition 6.5) Let (f) = (f}, ... .f,,) be a system of non-zero elements in R. A
positive linear form L € L (R°) is called effective for (f, u, y) if in; (f;) € k[Y], for all
ie{l,...,m}.

Definition 1.5 ([15] Definition (2.20)) Let J C R be a non-zero ideal and (1) = (u, ..., u,)
be a regular R-sequence. Let (f) = (f}, ... . f,,) be a system of non-zero elements in J.

(1) We say that (f) is a standard basis of J, if the system (in,,(f)) = (iny, (), ... , iny,(f,,))
is a standard basis of in,,(J), i.e.,

(a) iny(J) = (iny(f)), ... ,iny,(f,,)) C gry(R),
(b) n, <n, <...<n,, ifn; :=ordy(f,), and
(c) foralli> 1, we have iny,(f;) & (iny,(f}), ..., iny,(fi_;))-

(2) (fHis called a (u) -effective basis of J, if there exists a system of elements (y) = (¥, ...,y,)
extending (u) to a regular system of parameters and a positive linear form L € L, (R¢)
such that in; (f;) = iny(f;) € k[Y], foralli € {1, ...,m}, and

iny (J) :=(in;(g) | g € J) = (iny(f)), ..., ing(f,))).

(3) A (u) -effective basis (f) is called a (u)-standard basis of J, if additionally, (iny(f)) is a
standard basis of in; (/). In particular,

@ v Sy, <. Ly, ify 1=y (f) = ordy,(ing(f)), and
(b) foralli> 1, we have iny(f;) & (iny(f}), .. , ing(fi_;))-

The pair (y, L) is called a reference datum of the (u)-effective basis.

Since in; (f;) = iny(f;) € k[Y], for alli € {1,...,m}, L is effective for (f, u, y) . Further-
more, if (f) is a (#)-standard basis, then we have f; & (u), since in,(f;) # 0 is a non-zero
element in k[Y] , for 1 <i < m. Note that in the previous example the system (g) is not a
(u)-standard basis for J.

Whenever we speak of a (u)-standard basis (f) and there are elements (y) fixed, we
implicitly assume that there exists a positive linear form L € L, (R¢) such that (y, L) is a
reference datum for (f).

Remark 1.6 Let (f) = (f},....f,,) be a standard basis for a non-zero ideal J C R. We can
choose a regular system of parameters (u,y) = (u;,...,U4,,y;,...,y,) of R such that
iny () € k[Y;,...,Y,], for 1 <i < m. Then (f) is a (u)-effective basis of J with reference
datum (y, L) where L(vy, ...,v,) = V| + ... +V,.

Concerning the existence of a (u)-standard basis, Hironaka proved
Theorem 1.7 ([15] Lemma (2.23) and Theorem (2.24)) Let R be a regular local ring with

maximal ideal M and let (u) = (u,, ..., u,) be a regular R-sequence withu; € M. Let ] C M
be a non zero ideal in R. The following conditions are equivalent:
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(1) There exists a (u)-standard basis of J.

(2) There exists a (u)-effective basis of J.

() () is a regular (RIJ) -sequence.

4 gryy(R/J)is a polynomial ring in e variables over R/(J + (u)).
5) (uRNJ = (u).

Remark 1.8

(1) The hypothesis R be a Noetherian local ring (not necessarily regular) suffices to get (3)
S (4) s (5),see [15] Lemma (2.23).

(2) Hironaka provided more equivalent conditions, but in order to avoid more technical
definitions, we skip them here.

Let us recall the following important result on («)-standard bases:

Theorem 1.9 ([3] Theorem 6.9) Let (f) = (f}, ... .f,,) be a (u)-standard basis for an ideal
JCR.If(y) =y, ...,y,) is a system extending (u) to a regular system of parameters for
R and L € L (R®) is a positive linear form which is effective for (f, u, y) , then (y, L) is a
reference datum for (f) .

Definition 1.10 Let J C R be a non-zero ideal and (u) = (u, ..., u,) be a system of ele-
ments as before. Let (y) = (y;,...,y,) be a system of elements extending («) to a regular
system of parameters of R. We define

AUy) = () AGy),
)

where the intersection runs over all possible (u)-standard bases (f) of J (in particular, there
exists a positive linear form L € L (R®) such that (y, L) is a reference datum for (f) ). Fur-
ther, we set

AUz = () AUssy),
)

where the intersection ranges over all systems (y) extending (u) to a regular system of
parameters of R. The polyhedron A(J;u) is called the characteristic polyhedron of J with
respect to (u).

This is not Hironaka’s original definition, but the following result by Hironaka implies
that the definitions coincide in the relevant setting.

Theorem 1.11 (Hironaka) Let R be a regular local ring, J C R be a non-zero ideal,
and (u) = (uy,...,u,) be a regular R-sequence which is a regular (R/J)-sequence. Set
R =R/{uyand J' =J - R'. Let (y) = (y;, ... ,¥,) be a system of elements in R extending (u)
to a regular system of parameters of R and assume that (y) yields the ideal generating the
directrix of J'.

There exists a (u)-standard basis (?) = (?1, ,fm) in R and a system of elements
@) = Gy, ....3,) such that (u,3) is a regular system of parameters of R, () determines the
directrix of J' and A(’f\;u;j?) = A(J;u).
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This follows directly from [15] Theorems (3.17) and (4.8) that we recall as The-
orems 1.29 and 1.30 below, after introducing some notions. We use here the fact
Aw) = A(Uu) ([15] Lemma (4.5)), where J =J - R. Throughout the paper, we will
make use of this without mentioning. In the proof of the theorem one obtains (]A” ) and (9) by
applying the procedure of vertex preparation which consists of alternately normalizing the
generators and solving the vertices of A(f;u;y). Let us recall these two processes.

We begin with normalization. For this, we introduce the following total ordering < on
Z": for A,B € Z", we define

def.
A<B = |A|<|B| or (JA| = |B] and A >, B), (1.2)

where <, denotes the lexicographical ordering on Z".

For a non-zero, homogeneous polynomial 0 # G = Y. A, Y8 e k[Y,,...,Y,.], we define
the (leading) exponent of G by

exp(G) := mSm{B e | /13 # 0}. (1.3)
The (leading) exponent of a non-zero, homogeneous ideal I C k[Y,, ..., Y,]is defined as the
collection
exp(l) := {exp(G) | 0 # G € I homogeneous }.

If (f) = (f}, ... . f,,) is a (u)-standard basis of the ideal that they generate, then we abbreviate
exp(f;) 1= exp(iny(f;)) and

exp({fi, ... ./i)) 1= exp((in(f)), ..., ing(f))), (1.4)
fori e {1,...,m}. (Note that f; & (u) and hence in,(f;) # 0).
Definition 1.12 ([3] Definition 7.11) Assume given G, ...,,G, € k[[U]][Y] =
kU, ..., UIY,, ..., Y],

G,=F()+ Y PyU)YE, (Py(U) € kIIUID.

|B|<n;

where F,(Y) € k[Y]is homogeneous of degree n,; and P, z3(U) € (U).

(1) (Fy,...,F,)is normalized if writing

F(Y)= Y Cp¥® withCp €k,
B

Cip=0if Be€exp(Fy,...,F;_forie {1,...,m}.
2 (Gy,...,G,) is normalized if (Fy,...,F,) is normalized and P;z =0 if
BeexpFy,....F,_)forie{l,...,m}.

Definition 1.13 Let (f) = (f},...,f,,) be a (u)-standard basis of an ideal J C R. Set

v 1= ny, (). Let f; = 3 C, g, u* yP be finite expansions as in (1.1) with C, 5; € R* U {0}.

(1) (f) is called O-normalized if the corresponding system of O-initial forms
(iny(f)), ... ,iny(f,,)) is normalized in the sense Definition 1.12(1) (with respect to
¥)=(,,.... 7).
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(2) Letv € Vert(A(f;usy)) be a vertex of A(f;usy). For1 < i < m, the v-initial form of f;is
defined as

in, () 1= in,(f)uy) = ing(f) + D, Cag, U YP € KU, Y],

where the sum ranges over those (A,B) € Z¢" with V_le =vy, and
Cypi=Cup; mod M.
We say (f) is normalized at the vertex v if (in,(f}), ... ,in,(f,,)) is normalized in the

sense of Definition 1.12(2) with respect to (Y). If (f) is normalized at every vertex of
A(f;u;y) then we call (f) vertex-normalized (with respect to (u, y)).

Most of the time, if there is no possible confusion, we will skip the locutions “with respect
to (4, y)” and “with respect to (¥) = (¥}, ..., Y,)".

Let us point out: although we mentioned it only in the last part of the definition, all
these notions depend on the choice of the regular system of parameters (u, y).

Lemma 1.14 ([15] Lemma (3.14)) Let (f) = (f},....f,) be generators for J C R. Let
(u,y) = Uy, ... Uy, Y15 .., y,) be a regular system of parameters of R and set v; = n,(f;),
for1 <i < m. Suppose (iny(f)), ... ,iny(f,,)) is a standard basis for the ideal that it gener-
ates in k[Y,,...,Y,].

There exj_s{ elements d;; € {y)""% C R, for1 <j<i<m,such that if we set g, = f, and
g =f- Z;.:l d; f» for2 <i <m, then

1) (gys---.8y) is O-normalized (with respect to (u,y) ),
(@) ny(g) =nyy(fh), fori € {1,...,m}, and A(g;u;y) C A(f;usy).

Furthermore, if (f) is a (u)-standard basis, so is (g) .

Let us point out that if (f) is a (u)-standard basis, then the assumption on
@iny(f)), ... ,iny(f,,)) holds. Hence, given any (u)-standard basis, we can pass to a O-normal-
ized one without passing to the completion.

Lemma 1.15 Let J C R be a non-zero ideal. Let (f) = (f}, ... .f,,) and (8) = (g, ..., 8,) be
two 0-normalized (u) -standard bases for J. Then, we have

¢=m and ny(f) =ny(g) for everyi € {1,...,m}.

Furthermore, if we assume exp(f;) < exp(f;,|) and exp(g;) < exp(g;, ), for 1 <i <m and
1 <j< . Then, we have

exp(f;) = exp(g;), for everyie {1,...,m}.

Remark 1.16 Without loss of generality, we may assume that the condition
exp(f;) < exp(f, ), for1 <i < m, holds true for a given (u)-standard basis (f}, ..., f,,) (after
a possible reordering of the elements). Without explicitly mentioning it, we assume from
now on that the leading exponents of a given (u)-standard basis are ordered increasingly
with respect to <.

Proof of Lemma 1.15 The first assertion follows from the fact that, for any (i, j),
1 <i<j<msuch that n,(fi_,) < ng () = ne, ;) < ng () then (ng(f), ..., ing(f)) is
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a basis of the k-vector space iny, (J'); modulo iny, (J'),_; with s 1= n,(f), R" = R/(u),
M =M/{u)andJ' =J-R.

Let Ly : R - R, Ly(v) = Z; Ayv; with 4; € R, be a positive linear form such that
(O, Ly) is a reference datum for (f) and let L, : R* > R, L,(v) = Yo v, with g, € R,
one such that (y, L,) is a reference datum for (g) , where v = (v, ...,v,) € R®. In particular,
L, is effective for (f, u, y) and L, is effective for (g, u, y) .

Set p; 1= max{A; u;}, forl <i<e, anddefine L : R* - Rby L(v) = }_, p;v;. Then L
is effective for both (f, u, y) and (g, u, ¥) , and Theorem 1.9 implies that (y, L) is a reference
datum for (f) as well as for (g) . Thus,

(ing(f)), ..., ing(f,))) = in (J) = (iny(gy)s ..., ing(g,))

Suppose exp(f;) # exp(g,); without loss of generality, we then have exp(f;) < exp(g;). This
contradicts iny(f;) € (iny(g,), ... ,iny(g,)). Hence, we have exp(f;) = exp(g;).

Assume exp(f;) = exp(g;), for all i <j, and exp(f;) # exp(g), for some j > 2; without
loss of generality exp(f;) < exp(g;). Since we do have iny(f;) € (iny(g;), ... ,iny(g,)) and
ino()?) € k[Y], there is py, ..., 4, € k[Y]such that

ing(f;) = py - ing(gy) + ... + py - ing(gy)-

As exp(}j-) < exp(gj) < exp(ng) < ... < exp(g,) there must exist i <j with u; # 0. This
implies that there appear g; with exp(g;) = exp(f;), for some i < j. But this contradicts the
property that (in,(f)) is normalized.

Assume that the 0-normalized (u)-standard bases are of different length; without loss
of generality, m > £. Then 0 # iny(f,, ;) € (iny(g), ... ,iny(g,)). Since exp(g;) = exp(f;),
for alll <i < ¢, we obtain a contradiction to the hypothesis that (in,(f)) is normalized, as
before. a

Recall the following notion of [15] (2.3) and (2.6) (p. 260).

Definition 1.17 Let R be a regular local ring. We fix a regular system of parameters

W, y) = Uy, ..., U3y, -..,y,).-LetA C Rezo be a closed convex subset such that A + Rezo =A

andb € R,. Set bA := {bv € R |ve Aland W) :={B € RZ, | |B] > b}.

(1) The symbol {A, b} denotes the smallest convex subset of Re;(')’ containing (bA) X RL |
and RS ) X W(b). - N

(2) The symbol I(A,b) := I(A,b)(w) =1({A, b})(u’y) denotes the monomial ideal in R
generated by {u'y® | (A, B) € {A,b} N ZS).

Remark 1.18 With notations as above, it is easy to verify:
geI(Ab)y e vi(g) 2D, forall L € L, (R®),with L(v) > 1 forevery v € A.

Proposition 1.19 ([15] Lemma (3.15)) Let (f) = (f;, ... .f,,) be a 0-normalized system of
generators for J C R and let (u, y) be a regular system of parameters with (u) a regular
(RIJ)-sequence. Set v; 1= nyy(f,), for1 <i<m.Letv € RS, be a vertex of A(f;usy).

There e?cist x;; € (uynI(v+ R;O, v;
g =f— Z’: X, ifi» for 2 < i < m, then we have

= V)uy CR such that if we set g, =f and
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(1) Agusy) C A(fsusy),
2) (gy5-.-,8y) is normalized at v if v is a vertex of A(g;usy), and
(3) Vert(A(fsuzy)) \ {v} C Vert(A(g;usy)).

Remark 1.20 As x;; € (u), we have iny(g;) = iny(f;) for 1 <i < m, Hironaka’s process pre-
serves the extra assumption exp(f;) < exp(fi,), forl <i < m.

In Example 1.25 below we show how normalization can eliminate vertices.

Lemma 1.21 If (f) = (f;,....f ) and (8) = (g, ...,8,y) are two vertex-normalized (u)-
standard basis of J with reference data respectively (y,L,) and (y,L,), for some L; € L_,
i=1,2,thenm=m and

A(f5usy) = A(gusy). (1.5)

Proof By Lemma 1.15, both have the same number of elements, (f) = (f},....f,,) and
(g) = (815 --- » &y)- Furthermore n,,(f;) = n,(g;) =: v, foreveryi € {1,...,m}.

Suppose equality (1.5) is wrong. Then the convex hull A C RS of A(fusy) U A(g;usy)
would be strictly greater than one of the associated polyhedra: say A(g;u;y) ¢ A. Hence,
there would exist a vertex v of A with v € A(g;u;y) and a positive linear form A such that
v=An{we R | A(w) = 1}. Therefore, we have

v=A{fu;y)yn{weR’| Alw)=1} and
A(g:uzsy) C {w € R | A(w) > 1}.

By Theorem 1.9, (y, A) is a reference datum for (g).

Let ie{l,...,m} be minimal such that F;:=in,(f}) #iny(f;). In particular,
in, (f;) € K[Y]. Since (y;A) is a reference datum for the (u)-standard basis (g) , Defini-
tion 1.5(1) provides that F; = ZV,SW A;ina(g;), for some A; € gry(R) = k[Y, U], 4, =0 or
quasi-homogeneous for A of degree v; — V. As inA(gj) = ino(gj) € K[Y]and in,(f;) & K[Y],
we obtain that F; — iny(f;) = va <, 40 (g) # 0. This contradicts the assumption that F; is
v-normalized. O

Let (f) = (fi,....f,) be any (u)-standard basis for J. By Hironaka’s procedure of
normalization, we obtain a vertex-normalized (u)-standard basis (') (possibly in I/é)
and A(f";u;y) € A(f;u;y) (Lemma 1.14 and Proposition 1.19). Combining this with
Lemma 1.21, we get

Corollary 1.22 If(f) = (fi, ... .f,,) is a vertex-normalized (u)-standard basis of J with refer-
ence datum (y, L) , for some L € L, then

A(fsuzy) = AW us).

The previous result shows that for an arbitrary (u)-standard basis (f) of J the dif-
ference between A(f;u;y) and A(J;u;y) reflects how far (f) is away from being
vertex-normalized.

After normalizing the generators one has to check whether vertices of the associated
polyhedron can be eliminated by changes in the elements (y) .
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Definition 1.23 Let (f) = (f},....f,,) be generators of an ideal J C R. Let (u, y) be a
regular system of parameters for R such that (y) determines the directrix of J' =J - R/,
where R' = R/(u). A vertex v € A(fsuzy) is called solvable if v € Z5 and there exist
A, € RU {0}, j€ {1,...,r}, such that we have, for the system (z) = (z,, ... ,z,), given by
g i= Yy AU

v & A(f5usz).

The elements (4,u", ..., 4,u") are then called a solution for v or simply v-solution.

In [15], Corollary (4.4.3) it is shown that, as (y) determines the directrix of J, if a
vertex is solvable, then the residues ﬂj mod M € k are unique.

Note that (z) has still the property that it yields the directrix of J'. Moreover, the
other vertices of the polyhedron do not change under this translation. More precisely,

Proposition 1.24 ([15] Lemma (3.10)) Let (f) , J C R and (u, y) be as in the previous
definition. Let v € A(f;u;y) be a solvable vertex with v-solution (Aju’, ..., A,u"). Define
@ = n2)byzy =y, — A, for1 <j <r.

We have

(1) A7) € Afuzy),
(2) v ¢ A(fiuz), and
(3) Vert(A(fuy)) \ {v} C Vert(A(fu:z)).

In order to normalize and to solve the vertices in a systematic way one has to equip
R¢ with a total ordering. Then one picks the vertex that is minimal with respect to this
ordering, normalizes, and tests if it is solvable. After that one takes the new minimal
vertex that has not been considered yet.

In the procedure it is important to apply alternately normalization and vertex solving.
In the latter we only take care of vertices and not points in the interior of the polyhe-
dron. But still these points might be interesting after normalization.

Example 1.25 Let R be a regular local ring with regular system of parameters
(g, ... .4, 1, y,). Assume that R contains a field of characteristic p > 0. C0n31der the pol-
ynom1als fi=Y and f, = yp +ul' Y+ *A and suppose that A € zZ, n( -+ zs),

A# pzA—_/P. The only vertex of the associated polyhedron is given by v := A

easily that v cannot be solved. The normalization provides g, :=f, — uA y” +ur'A
Therefore the vertex v vanishes and the new vertex A is solvable via z, := y2 + ul

Example 1.26 Let R be a regular local ring with regular system of parameters (u,, u,,y).
Suppose R contains a field of characteristic p > 0. Consider the singularity given by

f=Y+y +ul +ub =0,

for a,b € Z, coprime to p. The initial form at the vertex v, :=(a,0) is

in, (f) = Y7 + U = (Y + U%)P. Following the above procedure we have to make the trans-
Vo 1 1

lation y = w 1=y + u{ and get
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2
f=w”+wp2—u'fp +ub.
The new vertex v, := (ap,0) is solvable and clearly this is not a finite process. On the
other hand, if we consider z :=y+ )" +u{, then f =2 + ug and the associated polyhe-
dron coincides with the characteristic polyhedron.

For another example, which is valid in a more general setting, we refer the reader to
Example 3.1 in [7], p. 165.

Hypothesis 1.27 From now on, we always assume the following:

(1) (u,y)is aregular system of parameters of R,
(2) wuis aregular (R/J) -sequence, and
(3) there is no proper k-submodule T C gr}w, (R") such that

(iny, (J") Nk[T]) gryp (R") = inyn (J'),

withR" = R/{(uyand J' =J - R',J C R a non zero ideal.
Even if some statements below are true with less restrictive hypotheses.

Definition 1.28 ([3] Definition 7.15(1),(4)) Let JCR be a non-zero ideal and
,y) = (uy, ..., u,,y;,...,y,) be a system of elements a regular system of parameters of R
verifying Hypothesis 1.27.

(1) Letv e A(f;usy) be a vertex. We say (f; y) is v-prepared with respect to (u) if (f) is
normalized at v and v is not solvable.

(2) If (f; y) is v-prepared with respect to (u) at every vertex of A(f;u;y), then (f) is called
well prepared with respect to (u).

Theorem 1.29 ([15] Theorem (3.17)) Let R be a regular local ring and let
W, y) = Uy, ..., U3y, ..., Y,) and J C R verify Hypothesis 1.27. Let (f) = (f,....f,,) be a
system generating J such that f; & (u), for1 <i < m. Setv; = n(f;). Let us assume that R
is complete and that iny(f),,, is a standard basis of the ideal which it generates in gry,(R).

There exist x;; € A1) = Vi) uyy for 1<j<i<m, and
d, € I(A(f5u;y);: )y N (u) CR, for 1 < a <r, such that (g; z) is totally prepared with
respect to (u) , where (g) = (g, ....8,,) With g; = f; — 2;;} X f; and (z) = (24, ..., z,) with
Zy =Yg —dg

Moreover, if (f) is 0-normalized (with respect to (u, y) ), then we can choose those x; ; in
the ideal I(A(f5u3y);v; = V) uyy N (u) C R, cf- Remark 1. 20.

The notion of (f; y) to be totally prepared which is slightly more restrictive than being
well prepared (see [3] Definition 7.15 (5)). Nonetheless, the polyhedron does not change
if we pass from a well prepared to a totally prepared (u)-standard basis, so we can avoid
introducing more technical notions.

In the original formulation, there is also another additional remark on the choice of x;;
and d, if only a finite set of vertices of A(f;u;y) is considered. Since this is not needed in
our context, we skipped it.
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Theorem 1.30 ([15] Theorem (4.8)) Let R be a regular local ring and let
W, y) = Uy, ..., U3y, ..., y,)and J C Rverify Hypothesis 1.27. Further, let(f) = (f|, ... .f,,)
be a (u)-standard basis of J.

If v € A(fusy) is any vertex such that (f; y) is v-prepared with respect to (u), then v
is also a vertex of A(J;u). In particular, if (f, y) is well prepared with respect to (u), then
A(fsuy) = A(J;u).

3 Non-empty characteristic polyhedron

We first show how to reduce the problem to the case of an empty characteristic polyhedron.
Here, the assumption on R being a G-ring appears for the first time. Thus, let us recall the
following result of [7]:

Lemma 2.1 ([7] Lemma 3.1) Let (R, M, k) be a regular local ring. Then
RisaG-ring <= Ris quasi-excellent <= R is excellent.

If R is a regular local G-ring, then we have:

(1) LetfeM,f+#0,besuchthat R/{f)is a domain. Then I/é/ {f) - R is reduced.
(2) Any quotient of R, localization Rp at a prime ideal P C R, or localization of a polyno-
mial ring R[T] at a maximal ideal is again a G-ring.

We assume that the following claim holds true:

Hypothesis 2.2 (Empty Case) Let R be a regular local G-ring and I C R a non-zero
ideal. Let (t,x) = (¢}, ..., t;;X}, ... ,X,) be a regular system of parameters for R such that
Hypothesis 1.27 is true for (R, (¢,x),1). Let (P) = (P, ..., P,,) be a O-normalized (t)-stand-
ard basis for I and set v; := ng,(P;), for1 <i <m.

We assume A(l;t) =@. By Hironaka’s Theorem 1.11, thfre exist elements
*) = (X}, ..., X,) such that (t,%) is a regular system of parameters for R, (X) determines the
directrix of I' :=1-R/{t), and A(l;t:;X) = @.

Claim 2.3 Under Hypothesis 2.2, there exist a O0-normalized (t)-standard basis
Q) =(y,....0,) of I in R and elements (z) = (z;, ..., z,) in R such that

(1) (1, 2) is a regular system of parameters for R,

(2) (2) yields the directrix of I',

(B) (2)-R=(X)

4) z € I(APx))), forl <j <,

(5) Q,=PandQ; =P; + Z;_:ll H, P, for H;, € I(A(Pit;x):v; — v,). foralli € {2, ...,m},
and

6) AQ:12) = A7) = Al = @.

(We switched the notations slightly since, most of the time, we apply the hypothesis
and the claim in case of graded rings associated to J C R).
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In the case of an empty polyhedron, a O-normalized set of generators for (g) such that
A(g:t;z) = @ is also vertex-normalized since the conditions in the definition are empty.

Remark 2.4 Unfortunately, this claim can be proven only with the supplementary hypoth-
esis (x) or (Pol) or R Henselian, it is an open and challenging question to prove it with less
restrictive conditions.

The setting in the proposition below is more general than in Theorems A, or B, or C
since we do neither require R to be Henselian nor () nor (Pol) to hold in Hypothesis 2.2 or
in Claim 2.3: both authors hope that hypotheses will be skipped in the future.

In Proposition 2.13, we prove the stability of (x) and (Pol) and discuss the Henselian
case in order to conclude the proof of the main theorems modulo the Claim 2.3.

Theorem 2.5 Suppose Claim 2.3 is true. Let R be a regular local G-ring, J C R a non-zero
ideal and (u,y) = (uy, ..., u,y;, ... ,y,) a regular system of parameters of R such that such
that Hypothesis 1.27 is true for (R, (u, y), J) . Assume that A(J;u) # @.

There exist a vertex-normalized (u)-standard basis (g) = (g, ..., §,,) of J and elements
(@) =(zy5-...,2,) in R such that (u, z) is a regular system of parameters for R, (2) yields the
directrix of J' = J - R/{u), and

A(g;usz) = A(Jsus2) = A(J5u).

For the proof, we use the analogous measure for the difference between A(f;u;y) and
A(J;u) as it is used in the proof of Theorem 3.3 in [7].

Definition 2.6

(1) Let L € L,(R®) be any semi-positive linear forms on R¢. For a non-empty subset
A C R¢, we set

6,(A) :=min{L(v) | v € A} < 0.

(2) Let@ # A% A* C R¢ , be two non-empty rational polyhedra, where one is contained
in the other, At O AU. Let L,,....L, € Ly(R®) be rational semi-positive linear forms
defining the faces of AY A0 = ﬂ/'.':l A(Lj). We set, forevery j € {1,...,n},

£(A%) =6, (A").

By construction, 0 < fj(A+) <ILIf zfi(A+) = 1, then the face of A® defined by L;is
contained in the face of A defined by L;. The measure for the total difference is the
non-negative rational number

AAO(A+) = Z (1 - bﬂj(A+)> € ﬁ ZZO’

j=1

where f denotes the biggest denominator appearing in the coordinates of the (finitely
many) vertices of A* and «a is the biggest denominator appearing in the coefficients of
L,...,L,

(3) Suppose A = A(J;u) # @and AT = A(f;u;y), for some 0-normalized (u)-standard basis
) = (fi, ... .f,,)- Then, we only write
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i(fuy) 1= CAFwy), A, uy) 1= Ay (A 5usy))

As in [7], we follow Hironaka [15] (2.6) and use in our proof of Theorem 2.5. the ideal
of initial forms associated to a linear form as in the previous definition. The latter arises
from the following valuation that is very useful for the study of the polyhedron and which
was already used in [7].

We fix: Let R be a regular local ring and JCR be a non-zero ideal. Let
u,y) = (Uy, ..., u,3y,,-..,y,) be a regular system of parameters for R such that (y) deter-
mines the directrix of J'. Let (f) = (f},....f,,) be a (u)-standard basis for J. Hence,
A(fiusy) C R‘;O is defined (Definition 1.2). Further, let L : R — R be any non-zero rational
semi-positive linear form, say defined by L(v) = a,v, + ... +a,v,, forv=(v(,...,v,) € R®
anday,...,a, € Qy. We set £(f,u,y) := 6, (A(f;usy))

Definition 2.7 We introduce the monomial ideals
I, = Y | L(A) + £(f,u,y)- |B| > Ay CR, for 1 >0.
This provides a monomial valuationv :=v, , . -on R: for g € R, g # 0, we define
v(g) i=sup{A€R | g €[}
and v(0) := oo. The graded ring associated to v is defined as

gr(R) 1= gy, B = @ P,/P;.

AER,,

where P, :={g € R|v(g) 24} CRand P} :={g€R|v(g) > 1} CR.
For g € R, g # 0, the initial form of g with respect to v, denoted by

inv(g) =1n (g) € Pv(g)/ v(g) Cc ng(R),

VLuyf

is defined as the image of g under the canonical projection P, — P,/ P:r(g) We set
in,(0) :=in, (0):=0andgr,(R), := P,/ P}, for A > 0.

If we have a finite expansion g = ¥, 5 C, gu'y®, for g € R\ {0}, then
Viuy (&) = Inf{L(A) + £(f,u,y)|B| | Cy p # 0}.

Warning Do not confuse in,(g) with the initial form at a vertex, in,(g), Definition 1.13(2).
Also, let us point out that v, , , (g) is different from VL) uy) = inf{L(A) + |B| | Cyp # 0}
(Definition 1.4(2)). Indeed, if Z(f,u,y) =0, then VeuysO) =0, while v, )=
for 1 <j<r. On the other hand, if ¢ := f(f u;y) # 0, we may introduce the semi- pos-
itive linear form L : IR‘? - R by L(v) = —L(v) Then f(f u3y) = 67(A(fu;y)) = 1 and
VL(g)(u,_v) L u y‘f(g) VL u ~yf(g) fOr 8 € R
For a given semi- pos1t1ve linear form L on R¢, as above, let
Z:={ie{l,....e}|a; #0},
T :={ie{l,....,e}|a;=0}=(1,...,e} \ T

Further, let us introduce the notation
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U. =

1

in,(w), forieZ, Y :=in/(y), forl<j<r

Note that we have in, (¢;) € gr (R),, fori € T'. Moreover, if Z(f, u,y) = 0 then we also have
Y, = inv(yj) € gr (R)y, forl <j<r.

Proposition 2.8 ([7] Proposition 2.3) The graded ring er,, M(R) of R with respect to Veuyf
is given by: ‘

R
(1) Ife(f.u,y) #0,thengr, (R)=-—"—" LY, ... Y,
Luxf <{ } i€ls )’> lEI ! "
R
2) Ift(f.u,y)=0,thengr, (R)=-——"—[{U}iez];
bt (i }ier) <
In particular, we have gr, vf(R) =k[U,,..., U, Y, ..., Y ]whenever L is positive, where k

denotes the residue field of R.
With this preparation we can give the

Proof of Theorem 2.5 (modulo Claim 2.3) We follow the proof of [7] Theorem 3.3.
Let (f) =(f,....f,,) be a O-normalized (u)-standard basis of J. Set v, :—n(u)(f) for
1<i <m. leonaka ] Ereparatlon process (Theorem 1.11) provides () : (y,, s )
and (f )= (fl, . fm) in R such that (#,9) is a regular system of parameters for R (9) yields
Dir(J"), and A(f u;y) = A(J;u).

Consider A(f,u,y) = Z,L] (1- Zi(f, u,y)) >0, the measure introduced in Defi-
nition 2.6, where L,,...,L, are semi-positive linear forms on R° defining A(J;u). Let
a;; € Qy be the rational numbers defining L;. We have that

o L(vy,....v)=a;vi+..+av,for(v,..,v)ER,1<j<n.
o AUsu)={v=_(v,... V)E[ReOlL(v)>1 for 1 <j<nj,
o L(A(Jsu)) =[1,4oo[, forall j € {1,...,n}.

When A(f,u,y) = 0, we have A(f;u;y) = A(J;u) and we take (z) = (y). Since A(f,u,y) =0
the vertex normalization process cannot eliminate any of the vertices. As there are only
finitely many vertices, we obtain the desired vertex-normalized (u)-standard basis (g) from
(f) using Proposition 1.19.

Suppose A(f, u,y) > 0. Then there exists at least one j € {1, ...,n} such that

L,-(A(f;u;y)) 2 [1,4+o0[ or, equivalently, z/’f]-(f, u,y) < 1.

This means that the face of A(f;u;y) defined by L; is solvable by Hironaka’s process. We fix
such a j. Let us denote by Aj the mentioned face,

Aj={veR | L) =, u. )} N AFuy).
As in Hironaka [15] (2.6), we consider the ideal of initial forms

in, (/) := (in, (¢) | g € J) C gr, (R),

where v; t=v, . is the valuation defined in Definition 2.7. Since we fixed j with this
o,

property, let us set

L:=L, v:i=y, I, :=in,(J), and f(f,u,y)::fj(f,u,y).
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We define ¢; :=in (;), for1 <i < e, and introduce
R = grv(R)(tl,..4,t€,Y1,4..,Y,)'

Then R is a regular local ring with regular system of parame-
ters (,Y) = (¢, ... ,1,, Y}, ..., Y,) and residue field R/M = k = R/M, where we denote by
M = (t,Y) the maximal ideal of R. We set

I:=1,-RCR.

By Lemma 2.1, R is a G-ring. The graded structure of gr,(R) induces a monomial valua-
tion on R, again denoted by v. Moreover, v extends canonically to the M-adic completion
R of R. R

We have inclusions R C gr, (ﬁ)O,y) C R and an isomorphism (use Proposition 2.8)

£ o {grv(lﬁ)o[[Y,{Ui}iEz]J, i £(f, ) #0,
~ Len@®ollUiel), i £ uy) =0

We define
=in,(f)),....P, :=in,(f,) € R.
Claim 2.9 (P) = (P, ..., P,) is a 0-normalized (t)-standard basis of I.

Proof (i) Case £(f,u,y) # 0. Let ® € gr,(R), N1, let g € J be such that in (g) = @, let
= A(f;u;y). To simplify notations, we replace Lby —— e L then Z(f, u,y) = 1. We have

g€ I(A 4) (Definition 1.17). By [15] Theorem (2.21), we can write g as

g= Y hfi+g,. forh € l(Ay—v), 1 <i<m, andv(g,)> u.
i=1
As {x e IR‘O | L(x) = 1} n A is a face of A, we have v(h;) > u — v,. So, the class of h; in
gr,(R),._, is defined,

. Jin(hy), ifvih) =pu—v,
el (hy) := { 0, if v(hy) > p— v,

and ® = 37" H,P;, with H; :=cl,_, (h;) € gr,(R)
reader.

(i) Case Z(f,u,y)=0. Let ® € gr,(R), N1, let g €J be such that in,(g) = @
let A := A(f;u;y). Furthermore, let b € Q, be the largest rational number such that
g€I(Ah) and N :={xe Z"O | L(x) > u}. We have gel(A,b)nI(N), where
I(N) :=I(N), :={u* | A € N) C R. Then, [15] Theorem (2.21) gives:

u—vs 1 S0 <m. The end is left to the

g= hfi+g,. fork, €[(Ab—v)NIN)CR, 1<i<m,
i=1
and v(g,) > u with g, € I(A,b,), for some b, > b.

As ﬂce@+ I(Asc) = @, by faithful flatness, we can get g, =0. Since we have
h; € I(N), we get v(h;) > u, while v(f;) =0, for 1 <i<m. Therefore, we obtain
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o = Zi | H;P;, with H; = cl (k) € gr,(R),, for1 <i < m. (Here, the class of 4, is defined

A A

analogously to above). The end is left to the reader. a

Continuing the proof of Theorem 2.5. We define

Y, :=in,G5),....Y, :=in,3,) € gr,(R), and
P, :=in,G),....P, :=in, () € R.

m

By Hironaka’s construction, Y. e ng(IAQ)f/(m,y), forevery j € {1,...,r}, and (¢, )A/) is a regu-
lar system of parameters for 7/% and A(? uy) € A(f;usy).

By the choice of the linear form L and smce A(f uy) = A(J;u), we have
z,”(f u,y) =1>2(,u, y) If we consider expansions of f,, f and use the definition of
f(f u,y), we obtain A(P t; % ) = @ which implies A(/;t) =

Furthermore, I C M, thus we can apply Hypothesis 2.2 and Claim 2.3. Therefore, there
exist Z,,...,Z, € M and a O-normalized (f)-standard basis (Q) = (Q,,...,Q,,) such that
Q,=P; +za_ H; P, € R, forH € I(A(Pstix);v; — v,), and (1, Z) is aregular system of
parameters for R,(Z) - R = (Y) C R and

AQit:Z) = @. @.1)

Since Z; € I(A(P, 1, Y);1) and (Z) - R = (Y) we are able to choose lifts, z; = y; — ¢; € R
of Z; in R such that z; € I(A(f u,y);1), for 1 <j < r. Analogously, we may assume with-
out loss of generahty that H;, € gr,(R). We have that H,, are homogeneous (of degree
£(f,u,y)(v; — v,) with respect to v). So, we can choose lifts hi’a € I(A(fsuzy);v; —v,) ER,
forl <a <i<m,and we define (g) = (g, ..., g,) by putting

g =f+ Z:} hofys  forl <i<m.
Let £ be a positive linear form on R such that
6p(f,u,y) =inf{L(v) | v € A(fsusy)} > 1.

Recall that v.() denotes the monomial valuation defined via vc(uAyB)(u,y) = L(A) + |B|
(Definition 1.4(2)). In particular, we have v (z;)y) = Ve )y for every j € {1,....r}
Hence, v/(8) ) = V£ (8)u,y) for every g € R, and we can drop the reference to the regular
system of parameters. Since &; , € I(A(f;u;y);v; — v,,), we have

ve(g) =ve(fi+ Do heafi) 2 v for 1 <i<m.

Since (f) is O-normalized, we must have equality, and, furthermore, we have
(ing(gy), ... ,ing(g,,)) = in (J). Hence, (g, ..., 8,) is a (u)-effective standard basis of J
with reference datum (z, £). This provides

6,(8,u,2) 2 6,(f,u,y)

and as this inequality holds for every positive £ as above, we have an inclusion
A(g;usz) C A(fusy).

On the other hand, (2.1) is equivalent ot £(g, u, z) > Z(f, u,y) for our fixed linear form
L. We conclude that
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0<A(g,u,2) < A(f,u,y).

Since A(.) takes only values in a discrete subset of Q. the strict decrease can only happen

finitely many times. We repeat the arguments of this proof for A(g;u;z) instead of A(f;usy).

Eventually, we obtain in finitely many steps a vertex-normalized (u)-standard basis (g*)

of J and elements (z*) in R extending («) to a regular system of parameters for R with all

desired properties. In particular, A(g*;u;z*) = A(J;u). O
Using the notation of the proof, we have

Lemma 2.10 The tangent cone C/(I)CA} of I' :=I1-R/(t) with respect to
M’ = M -R/(t) is isomorphic to the tangent cone C,(J) C A7 of J' with respect to
M’ =M - R/(u). In particular, their directrices (resp. ridges) are isomorphic. Hence, the
following equalities hold:

dim Dir(C,()) = dim Dir(C,(J))
dimRid(C,(1)) = dimRid(C,(J))

Moreover, we have HS(C,(I)) = HS(C,(J)).

Proof Let g € R and put G :=in,(g). If G denotes the image of G in R/(t), then we
observe that in,(G) coincides with in,,(g), where g = ¢ mod (u) (up to renaming the
variables). Therefore, C,(I) C A and C,(J) C A] are isomorphic. The remaining part is
clear. O

In general, without assumptions (), (Pol), or R Henselian, we have

Proposition 2.11 Let R be a regular local G-ring and let J C R be a non-zero ideal. Let
(u, y) be a regular system of parameters for R such that (u) is a regular (R/J) -sequence and
(y) determines the directrix of J' = J - R/{u). Let (f) = (f, ... .f,,) be a 0-normalized (u)-
standard basis for J.

Using the notation of the proof of Theorem 2.5, we have:

(1) Ife(f,u,y) > 0, then hypothesis (Pol) holds for (I, R, S, P,t,Y), where

R
SUBTESY
2) If ¢(f,u,y) =0, then the important data of (I,R,P,t,Y) is contained in

Ry = gr,(R)y = R/{{u;} ;1) (Proposition 2.8) and we have dim(R) < dim(R).
More precisely, P; = in(f;),Y; = in,(y;) € gr,(R)y, for all i, .

S:= Uitier)isys

Proof Part (2) is an easy observation.

For (1), set S :=R/({u;},er.y). Recall that R is the localization of
gr,(R) = S[{U,};e1- Y, ..., Y,] (Proposition 2.8) at the maximal ideal (¢, Y). Furthermore,
for 1 <i<m, we have P, =in (f;) € gr (R) C S[Y] and we have seen in Claim 2.9 that
Py, ..., P,) is a O-normalized (#)-standard basis of I. Since v(y) = Z(f, u,y) > 0 (Defini-
tion 2.7), we have degy(P;) = n,(P,). Finally, Lemma 2.10 implies that (¥) determines
the directrix of I’, since (y) determines the directrix of J'. In total, we obtain that condition
(Pol) holds for (I, R, S, P,t,Y). a
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Remark 2.12 As a consequence, if Z(f, u,y) > 0, it is sufficient if we can handle Claim 2.3
under hypothesis (Pol) (which will follow from Theorems 3.3 and 3.12) in order to apply
the techniques of the proof of Theorem 2.5 to get closer to the characteristic polyhedron.

On the other hand, if Z(f,u,y) = 0, an induction on the dimension of the ambient ring
may be applied. Yet, we still have to require () to hold for the original data J C R or R to
be Henselian in order to be able to prove Claim 2.3.

Proposition 2.13 Let (J, R, f, u, y) and (I, R, P, t,Y) be as in the proof of Theorem 2.5.

(1) Let (S, N, k) be a regular local G-ring contained in (R, M, k) . Suppose (u) is a regular
system of parameters for S. If hypothesis (Pol) holds for (J, R, S, f, u, y) , then (Pol) also
holds for (I, R, S, P,t,Y), where (using the notation of Proposition 2.8)

R .
5. W[{Ui}iez]g)’ if £(f,u,y) > 0,
m[{(]i}iez]<;), it £(f,u,y)=0.
2) If (x)(a) (resp. (x)(b)) holds for (J, R, u) , then (x)(a) (resp. (+)(b)) holds for (I, R, 1),

too.
(3) IfRis Henselian, then either the important data of (I,R, P, t,Y) lies in gr,(R),, which
is Henselian, or (Pol) holds for (I,R, S, P,t,Y), for S as in part (1).

Proof Statement (1) an immediate consequence of Proposition 2.11. Its proof is left as an
exercise to the reader. Further, if hypothesis (x)(a) holds for (J, R, u) then (x)(a) holds for
(I,R,t), by Lemma 2.10. '

Let us come to (x)(b). Suppose that char(k) > % + 1, where X = Spec(R/J). Set
X :=Spec(R/I). We claim that dim(&Xx) < dim(X), from which we obtain immediately
char(k) > % + 1. Every P; =in,(f;) can be written as P; = F;(Y) + Z|B|<v,. Ay gt Y2,
with A, p; invertible or zero, and in,,(F;(Y)) = iny(f;) € k[Y]. By taking roots of the
parameters (), we may suppose that ordM(rAyB) > ny () = ng(Py), for 1 <i<m, if
A4 p; 18 invertible. Then (iny(f}), ..., iny(f,,)) C k[T, Y] (with some abuse of notation for Y)
are in the ideal of the tangent cone of A" at the origin. This gives the claimed inequality
dim(&) < dim(X).

(3) Clearly, the property of being Henselian is not necessarily stable when passing to R,
which is the localization of a polynomial ring at a maximal ideal. Since being a Henselian
G-ring is stable by taking quotients, gr,(R), = R/{{u;},c7) is also a Henselian regular local
G-ring, so Proposition 2.11 yields the assertion. a

In conclusion, we have reduced the problem of determining the characteristic polyhe-
dron without passing to the completion to Claim 2.3, the case of an empty characteris-
tic polyhedron, A(J;u) = @, where (u) is a regular (R/J) -sequence. While the reduction is
valid without hypothesis () or (Pol) or R Henselian, we need them to find suitable coordi-
nates (z) = (24, ... ,2,).
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4 Empty characteristic polyhedron I: hypothesis (Pol)

We begin our treatment of the case of an empty characteristic polyhedron with the situa-
tion, where hypothesis (Pol) holds. Here, we can prove slightly stronger results. We intro-
duce a stronger version of being normalized and show that it can also be achieved via a
finite procedure. Furthermore, we prove, once obtained, it is stable under translations in
the variables (y) = (y;, ..., y,). In the second subsection, we deduce that the desired coordi-
nates (z;, ... ,2,) can be obtained by a translation.

Suppose that (Pol) holds for (/, R, S, f, u, y). Recall that this means:

e (S, N, k) is a regular local G-ring contained in (R, M, k), with the same residue field,
and (u) = (4, ..., u,) is a regular system of parameters for S,

o R=S[y,....¥ly, J C Ris anon-zero ideal such that the directrix of J' = J - R/{u) is
determined by (y), and A(J;u) = @,

e (f)=(fi,....f,) is a (u)-standard basis of J such that we have f; € S[y,,...,y,] with
deg,(f)) = ny,(f), for1 <i < m. By Lemma 1.14, we may suppose that (f) is 0-normal-
ized and that the condition exp(f;) < exp(f;, ), for 1 <i < m, holds true, without loss of
generality.

Remark 3.1 In Proposition 2.11(1), we have already seen that (Pol) is an essential case
since it appears even in the general situation for R any regular local G-ring (without restric-
tions on J C R).

Let us note that in [6, 8] starting from section 5, the case (Pol) is automatically fulfilled
and this helps the authors to control the behavior of the characteristic polyhedra after per-
missible blowing ups. In general, with the usual notations, blow up the origin and suppose
there is a “very near point” of parameters (u,,v,, ...,V o, i—:) in the first chart

ry T
e u,

U U, yi Yr /

R— R l/tl,u—,.‘.,u—,u—,...,u— y =.R,
1 [ i u, vy, ooy vy, —
“1

for suitable (v,, ..., v,,). Setv; :=u; and yjf = :—’, for1 <j < r. For every face of the poly-
, 1

hedron A(f’;v;y’) C R® of equation L(ty,...,t,)=at; + ... +aut, = (' ,v,y’) with

a, > 0 positive, we have £(f',v,y’") > 0, i.e., we have (Pol) for 8y, (R). It appears that in

[3, 6, 8, 10], the invariants are defined with these faces only. )

4.1 Strong normalization for (Pol)

First, we discuss a finite normalization process in order to obtain suitable generators for the
ideal J C R. Throughout the section, we assume that hypothesis (Pol) holds for some given
LR, S, fiu, y).

Given he€R, we have a finite expansion h= Y C,zu'y® with coefficients
C, 3 € R* U {0}. For the purpose of this subsection, the expansion does not provide suffi-
cient control. Since R = S[y],,, we may assume & € S[y] after multiplying by a unit. Hence,
we have
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D @s)®, for g = @u(u) € Sand v 1= deg,(h).
B:|B|<v

Definition 3.2 Let S be a regular local ring with regular system of parameters
W) = (uy,...,u,), let R=S[y,....,yJy. for M= {(uy). Let (f)=(f,....f,) be a
O-normalized system of elements in S[y,...,y,] with deg,(f}) =n., () =: v, for
1<i<m. Let {gg; €S||B| <v;} be the coefficients appearing in the expansion
of f; of the form above, for i € {1,...,m}. We say () =(f},....f,,) is strongly nor-
malized (with respect to (y)) if we have @p; =0, for every i € {2,...,m} and every
B eexp(fi,....fi_;) = exp({iny(f}), ... ,iny(fi_;))) (Definition 1.4).

Observe that we do not necessarily require S to be a G-ring in this subsection. The main
result here is

Theorem 3.3 Let S be a regular local ring with regular system of parameters
W) = (uy, ... u,), let R=Sy,...,yIy> for M = (u,y) and J C R be a non-zero ideal.
Let (f)=(fi,....f,) be a O-normalized (u)-standard basis for J with f; € S[y] and
deg,(fp) = ng,)(f;) =: v, forl <i<m.

There exist x;; € S[yl N (u) wu‘h deg,(x;;) <v; — v, for 2 <i <j < m, such that, if we
define g, :=f; and g =fi— Z] X, f;» fori = 2, then (g) = (81, ---, 8) is a (w)-standard
basis for J that is strongly normalzzed with respect to (y) and deg (8;) = n,(g;) = v;

We do not have to modify f; and g, = f;. Thus, we have to show the following (using
the notions of the theorem): Suppose (g, ..., g;_;) are strongly normalized. Then there is a
finite process for constructing x; ;, with i <j such that (g, ..., g;_;, ;) are strongly normal-
ized (Proposition 3.4). After that, in Lemma 3.10, we prove that (g) remains a (u)-standard
basis, which completes the proof of Theorem 3.3. The property on the degree of g; follows
since (f) is 0-normalized and by the degree condition on x; ;.

Proposition 3.4 Let S be a regular local ring with regular system of parameters
w) = (uy,...,u,), let R=Sly,,....y 1y for M ={u,y). Let (g,,...,8i_1.f;) be a sys-
tem of elements in Sly] that is O-normalized and for which deg(g;) = n(,(g;) =: v; and
deg,(f)) = ny,(f}) =: v;. Assume that (g, ..., 8;_1) is strongly normalized.

There are elements x;; € S[yl 0 (u) with deg,(x; ;) < v; —v;, for2 <i<j<m, such that
(815---+8i_1-8) 1S stmngly normalized with respect to (y) tfwe define g; :=f; — Z _1 %18

As an immediate consequence, we see that deg,(g;) = n,(g;). For the proof, we intro-
duce the following measure.
Recall that the total ordering < on Z" is defined by A < B if and only if |[A| < |B| or if
|A] = |B|and A >,,, B (see (1.2)).
Definition 3.5 Let
I :=(iny(g,), -..,iny(g;_)) C k[Yy, ..., Y,].

Let =Y <, @py® € S[y] with gz €S and v := deg,(f). Suppose that f & (u). We
define
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D(f) : 1nf{B € Z, S0 | @5 #0 A B € exp(])}.
If D(f) does not exist, then (g, ..., g;_;.f) is strongly normalized, and vice versa.

Lemma 3.6 For every D e€exp(I) with v :=|D|, there exists an element
hp €48y ---,8i_1) N S[y] such that exp(hp) = D and

hp =" + Z Wppy’ + Z wppy's forypg €S,

|B| <v Bl <v
B € exp(l) B & exp(l)
B>D

i-1
and hj, = ijl sp; &> forsp; € S[y] with deg,(sp;) <v—v,

Proof We argue by an increasing induction on D. We begin with the case
D = exp(g,) = min_{exp(G) | G € I}. Since deg,(g,) = n,(8,) = v, we have

gl:yD+Z|B|$v ¢1,BYB+Z|B|SV @15 forg ;€S
B<D B>D

and ¢, 3 € (u) C S if B < D. (Without loss of generality, the coefficient of yP is 1). For
B < D, we have B ¢ exp(I) and therefore, we may take i, := g;.

Suppose D > exp(g,) and assume that the statement of the lemma is true for all B < D
with B € exp(I). Recall that we have exp(/) = exp({iny(g;),-..,iny(g;_;))), where the
appearing ideal lies in k[Y}, ..., Y,]. Since D € exp(J), there are Pp; € k[Y], which are
homogeneous of degree |[D| — v; (where v; = n,(g;) and 1 < j <), such that exp(H) =
forH := z_ Pp - iny(g))- Note that degy(H) |D|.

Write  Pp; = X Acp, Y€, for Acpj € k. By construction, Acp;#0 implies
|C| = |D| —v;. Forevery Acp; € k, we choose picp; € Ssuch that ucp; = Acp; mod (u).
We define p,; := X tep,y©- Clearly, pp, ; € S[yland

deg,(pp,) = ID| —v; = v -, 3.1

Leth := ZJ’;} pp;8; € Slyl- We have deg,(h) = |D| = v and exp(h) = D. By definition of
the leading exponent (see (1.3)), we have

h=y"+ Z wpp)’ + Z W) + Z wppY’

|B] <v |B| <v |B| <v
B € exp(l) B € exp(l) B & exp(I)
B<D B>D
where yp, 3 € S and
Wwpp € (u), if B<D. (3.2)

(Without loss of generality, the coefficient of y? is 1). If the first sum is 0, we are done and
define iy, = handsp; 1= pp ;.

Assume this is not the case, i.e., By := D(h) < D (Definition 3.5). By the induction
hypothesis, there exists A such that
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o hy =y +Y Bl < v wp 5+ X Bl <v W, 5", foryy 5 €S, and
B € exp(l) B & exp(l)
. B>B,
o hy = Z/ 1 58,48j» for sp i € S[y] with deg,(sp ;) S v —v;.

Bo_

We eliminate the y“o-term in & using hp :

WY :=h =y g, hy,

=<YD+WD,BOYBO+Z IB| <v WD,BYB+Z 1Bl <v WD,B}’B)—

B € exp() B e exp(l)and B > D
By<B=<D or B & exp(l)
~¥ps, ()’BO + Z IB| < v WBO,ByB + Z 1Bl <v WBU,B)’B>
B € exp(l) B & exp(l)
B > B,
=(1- U/D,BOWBO,D))’D + Z Bl <v wpp— WD,BUU/BO,B))’B
B € exp(l)
By<B=<D
+ Z IB| < v (wpp— WD,BOWBO,B))’B

B eexp(l)and B > D
or B & exp(l)

Since 1 —yp 5 W psWps — Wp5,Va,8 €S> We obtain
DY) > D(h).

By (3.2), we have y, 5 € (u) and hence 1 — yp 3 wp p € $*is a unit.

Furthermore, usmgh ZJ | Pp 8 and hy = E] 1 5B, 8j» We have

1 - i—-1 i—
WV = Z Ppj8j — WD,BO<Zj=1 sBngj> = ijl(PDJ = WD 5,58,))8)>
— ——

(1)
PDJ

where (3.1), Yps, € S, and degy(sB ;) S v—v;imply degy(p(l)) Sv—v,

Repeating the elimination step finitely many times, we eventually reach A"Y) with
D(h™) =D, for some N € Z,. Using (3.2), we see that the coefficient of yP in an
expansion of A is of the form y=1 +1,uJS for w, € (u) C S. Moreover, we have

W™ = 2}_1 pg/) g;. for p(N) € S[y] with deg, (pD ) < v —v,. Thus, hy, =y~ 2™ fulfills all

desired properties. O
Proof of Proposition 3.4 If (g,,...,g;_;.f;) is strongly normalized, then the statement
holds for g; :=f;. Suppose this is not the case. Let f :=f;, v :=n,(f) = deg,(f), and

D := D(f). We have
P B B
F=oo+ 2 p<v e+t X g<y P

B € exp(I) B & exp(I)
B>D
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where @, @5 € S and @), € (u), ¢, # 0.
Since D = D(f) € exp(I), Lemma 3.6 implies that there exists an element
hp €48y, -..,8i_1) N S[y] such that exp(h,,) = D,

Q) hp=y"+Y Bl <v Wpsy + Y Bl <v wpp Y, foryp, €S, and
B € exp(l) B & exp(l)

B i1 B>D )
(i) hp =22, 5p,8 for sp; € S[yl with degy(sp) < v —v;.

We define

SO =f—ophp
= z |B| <v (pp — QODWD,B)}’B + Z |B| <v (pp — (PDWD,B))’B~

B € exp(l) B & exp()
B>D

Since (g, ..., &-1»/;) is O-normalized, we have deg, (fV) = deg,(f) = n, (/).

If (gy, ..., &_1.f 1) is strongly normalized, we define g; := £V and stop. Else, D(f") is
defined and D(f") > D as @ — @ wp 5 € S. We repeat the elimination step finitely many
times to obtain /™ such that (g, ..., g;_;, /™) is strongly normalized. Set g; := f™.

By (ii) and since ¢, € S, we have that g; = f; — ZJ’;} x;;8;, for certain x;; € S[y] with
degy(xl-lj) <vi v As (g, ...,8;_1-f;) is O-normalized, we have ¢,, € (u), and hence, we
get x;; € (u). a

Let us give an example illustrating why Lemma 3.6 is important in order to obtain a
strict decrease for D( ) in the proof of Proposition 3.4 (and hence of Theorem 3.3).

Example 3.7 Let k be a field of characteristic two, char(k) =2 and let a,b,c,d,e € Z,.
Consider the regular local ring R : = k[u,y,,y,.z] pandlet 1=(gy,8.f) C Rbethe
ideal generated by

(uy,.y

2.2 d 5 4
Yiyy tul, f =7 +uyy;.

g =y +u'y, +u’, g =yi+u
We observe that (g,8,.f) is O-normalized, but not strongly normalized. We have
v =n,(f) =5and D(f) = (1,4,0). If we use y,y,8, = yly‘z1 + u”y‘]‘yz + u”y,y, to eliminate
uy, y;‘ in f, we obtain
ate 4 b+e

FOi=f—uyy,g =2 +uyly, + ulyy,.

We have D(f'") = (4,1,0) < (1,4,0) = D(f). Hence, the induction on the value of D(.)
breaks.

The reason for this is that 2 :=y,y,g, is not the appropriate element to eliminate u®y, y‘z1
in f as there appears u”y‘l‘y2 and (4, 1,0) < (1,4, 0). We first have to modify 4 using g, (and
gy) in order to eliminate u“y‘l‘y2 (and the bad terms possibly appearing afterwards) as in the
proof of Lemma 3.6. We leave the details and the end of the normalization process as an
exercise to the reader.
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Even though, the controlling vector D( ) is not behaving well, one can check that apply-
ing Hironaka’s normalization procedure eventually leads to a strongly normalized system
in the previous example.

The following example show that being polynomial in (y) is not enough for the strong
normalization to exist. More precisely, we cannot skip the assumption deg,(f;) = n,(f))-

Example 3.8 Let R be a regular local ring with regular system of parameters (u,y;,,),
(e.g.. R = k[u, y1,¥:1(uy, ) for any field k). Consider the ideal J := (f},f,) C R, where

fi= y? —y‘l‘u —yfu2 - and f, = yg +y‘fu.
Clearly, (fi,f;) is O-normalized. The normalization process tells us to replace
y? =f+ y‘]‘u + y%u2 + 4’ in f, and we obtain

5 4.2 23 6
S =y, tyutyjuw +u.

The monomial yfzf yields the vertex 1 € A(f}, g,:u;y;,y,) which does not vanish by further
normalization and which is not solvable. Thus we have A(f}, g,;u5y,, y,) = A(J;u).

But (f}, g,) is not normalized in our stronger sense. Again we would have to replace
yi =f +yju+ yiu* + 1’ and get

hy, =y, +y?u3 +y?u4 +yu’ +y%u3 +ul.
Again, y? appears and we run into a loop. But the polyhedron does not change anymore.

Remark 3.9 In order to obtain the characteristic polyhedron, Hironaka only wants a sys-
tem of generators that is normalized at every vertex. Hence, the more restrictive notion of
strongly normalization is not needed in the general case.

Let R be a regular local G-ring. Let (f, u, y) be such that A(f;u;y) is defined and non-
empty. If we pass to the data given by the initial forms at any compact face of A(f;usy),
then hypothesis (Pol) holds. Hence, one can apply strong normalization there.

For the proof of Theorem 3.3, it remains to show

Lemma 3.10 Let R be a regular local ring, (u,y) = (uy, ..., u,:y;, ..., y,) be a regular sys-
tem of parameters of R, J C R a non-zero ideal, and (f) = (fi, ... .f,,) be a O-normalized
(u)-standard basis of J. Let (g) = (g, ..., &,) be the strongly normalized elements obtained
by the preceding normalization process. Then, (g, ..., 8,,) is also a (u)-standard basis for
J.

Proof Let (y, L) be a reference datum for the (u)-standard basis (Definition 1.5). Since (f)
is 0-normalized, our construction does not modify the O-initial forms, iny(f;) = iny(g;),
for 1 <i <m. Hence, properties (3)(a) and (3)(b) in Definition 1.5 also hold for (g) .
Further, the construction of the elements %, in the proof of Lemma 3.6 and the property
in, (f;) = iny(f;), for 1 <i < m, imply that we also have in; (g;) = in,(g;). Hence, (g) is a (u)
-effective basis, which remained to be proven. The assertion follows. O

We end the subsection with a useful stability result.
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Proposition 3.11 Let (S, N, k) be a regular local ring with regular system of parameters
W) = (uy,...,u,), let R =S[y,, ...,y ly, for M = {u,y) and J C R be a non-zero ideal. Let
() = Oy = (s -+ . S1n) be a strongly normalized (w)-standard basis for J with f; € S[y]
and deg (f;) = ny,(f,), forl <i<m.

Consider elements (¢p) = (¢, ..., P,) € N' C §". If we define

zj:=yj+¢<, forl <j<r,

then (f), ., is still a strongly normalized (u)-standard basis for J.

In particular, if (Pol) holds, then the property of being strongly normalized is stable
under translations of (y) by elements in N.

Proof First, we observe, that the leading exponents do not change under such a translation.
Let u*y® be a monomial appearing in £, ,, for some | <i < m — 1. It is mapped to

W@+ )P @+ )
A B, B, By B, B,—-C, B,—C, Ci G,
—u ch=0'”ZC,=0<C1 > <C, ¢, LK SCS SEETE Al

In particular, Be(Cl,...,Cr)+Z;0, for every appearing C = (C,,...,C,). So, if

C € exp({f;, ... .f)), then B € exp({f;,....f.)). Hence, this would contradict the assump-
tion that (f),, , is strongly normalized. a

4.2 Finding coordinates under hypothesis (Pol)

We come to the task of finding suitable coordinates (z;, ..., z,) if the characteristic poly-
hedron is empty and (Pol) holds, i.e., such that A(J;u;z) = A(J;u) = @. Hypothesis (Pol)
allows to prove a slightly stronger result, namely, the elements (z;, ..., z,) can be obtained

by a translation in N C S. Using Proposition 3.11, we then obtain A(f;u;z) = @, for a
strongly normalized standard basis (f) .
The following result generalizes [7] Corollary 3.4.

Theorem 3.12 (Claim 2.3 for (Pol)) Let (S, N, k) be a regular local G-ring with regu-
lar system of parameters (u) = (u,,...,u,). Let R =S[y,,...,y.]y and J C R be a non-
zero ideal such that the directrix of J' be determined by (y) and such that (u) is a regu-
lar (RIJ) -sequence. Let (f) = (f}, ....f,) be a O-normalized (u)-standard basis of J with
Ji € Slyys - .y, Jand deg (f)) = ny,(f) =1 v, for1 <i<m. R

Suppose A(J;u) = @ and let (V) = (3, ... ,y,) be the elements in R such that A(J;u;y) = @
obtained by Hironaka’s vertex preparation. There exist x;; € I(A(fiusy);v; — v;) N S[yl,
withdeg(x;;) < v, —v;,2 <j<i<m,and () = (@), ..., ®,) in N C S such that, if we set

i-1 )
gi=ﬁ+zj_=1xuf,— €Rand z, :=y,+ @,

forie {l,....,m}anda € {1, ...,r}, then the following properties hold:
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(1) (u, 2) is a regular system of parameters for R,

(2) (2) yields the directrix of J' = J - R/{u),

3) (@) R=(Q)

@z, € AFuwsy)sD), forl <a <,

S) (gy5---,8y) is a strongly normalized (u)-standard basis, and
6) Algsusz) = Alusz) = A(Jsu) = @.

Proof Without loss generality, we assume that (f}, ..., f,,) is strongly normalized. Suppose
we could find (z) verifying (1)(2)(3)(4), as (z) is obtained as a translation by an element in
S, by Proposition 3.11, the system (f}, ..., f,,) fulfills the property (5) and (6).

Therefore, it remains to find (z) fulfilling (1)(2)(3)(4).

Recall that k = S/N denotes the residue field of S and that we fixed a strongly normal-
ized (u)-standard basis (f) = (f}, ... . f,,) with f; € Sly,, ..., y,] and v; = deg,(f;) = n, ()
Since the characteristic polyhedron is empty, applying finitely many times Hironaka’s pro-
cedure, we may suppose |v| > 1 for all v € A(f;u;y): the elements (f) are also a standard
basis for J in the sense of Definition 1.5 and their O-initial forms coincide with the initial
forms at the maximal ideal, in,(f;) = iny,(f;), for1 <i < m. We have that

= F; . <i<
i=F0)+ ZBGZ;O:|B|<V‘- sB’,yB, forl1 <i<m,

where sp; € S and Fy(y) = ZI Bl=v, cB,,»yB € S[y] are polynomials homogeneous of degree v;,
with cg; € § (not all necessarily units).
We use the notation

K := Quot(S) and L := Quot(S).

Consider the homogenizations (f") = lh, ,f,’;) € S[y, TT" as elements in K[y, ..., y,, T],
fr=Fo+ dez"o:mkv s, T L forl<i<m

Recall that by Hironaka’s procedure y; = y; + ¢, for 1 <j < r and where ¢,, ..., ¢, € S.
As there is no normalization to do, by Proposition 3.11, we get that

ff=FOo+T.....y,+¢,T) forl <i<m.

In other words, the ideal of the directrix of the cone over L defined by
H1<i<mfih € Lly,...,y,,T] is contained in (y, + $7T,....y,+ ¢, T). By [3] Theo-
rem 2.7, applied for® R = :S:[yl, coos Yrliuy,....y,)» the principal ideal J = (f, -+ f,,) C R, and
p=0...,9,) we have

e(Ry/J,) < e(R/J) — dim(R/p),

where e( ) means the dimension of the directrix at the maximal ideal (cf. [3] Defini-
tion 1.18). As (Y, ..., Y,) is the ideal of the directrix at (u, y) of (f, ... .f,,) (considered as
elements in §[y1 oo Yy,
hand side of the above inequality is zero. Hence, we have

2 Here, we use the notation of [3] Theorem 2.7 for clarity in the reference. We warn the reader not to get
confused with the notation of the present paper.
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e(R,/J,) =0

In other words, the ideal of the directrix of f; --- f,, at p must have r generators. There-
fore the ideal of the directrix of the cone defined by H1 <i<m flh €Ly, ,y,T] is
(v, + §,T, .y, + ¢,T). Therefore, the elements ¢, ... , ¢, are uniquely determined in S.
Since S is a G-ring, the extension KCL 1is separable, so we have
b,.... 0, € SnK=5n Quot(S) =S (the last equality holds by faithful flat-
ness). As ¢,,...,¢, are the one given by Hironaka’s procedure, the system
@)=z .s2) =01 + &, ..., Y, + ¢,), which lies in S[y], ), fulfills (1)(2)(3)(4). O

Let us emphasize that ¢, ..., ¢, € R are the elements that we obtain from Hironaka. In
theory, as the directrix may be computed (see the appendix of [4]), there is a finite way to
compute the elements ¢, ..., ¢, given by Hironaka’s procedure that may be infinite.

Note that Theorems 2.5 and 3.12 imply Theorem C.

5 Empty characteristic polyhedron II: hypothesis ()

Our next goal is to show that we find suitable elements (z) = (z;, ..., z,) in R extending (u)
to a regular system of parameters, under the assumption that A(J;u) = @ and hypothesis ()
is true.

Proposition 4.1 Let R be a regular local G-ring, J CR be a non-zero ideal and
W, y) = (Uys ..., U3y ---5Y,) be a regular system of parameters of R such that (u) is a
regular (RIJ) -sequence and (y) determines the directrix of J' = J - R', where R = R/(u).
Suppose A(J;u) = @ and let (3) = (4, ..., Y,) be the elements in R such that A(J;uy) = @
obtained by Hironaka’s vertex preparation.

We assume that condition (x) holds for (J, R, u), i.e., one of the following conditions is
true:

(a) the dimensiolzj of the ridge of C,(J) coincides with the dimension of its directrix,
im(X
®) orchar(k) > ) 4 1 where X := Spec(R/J).

There exist elements (z) = (zy,...,2,) in R such that (u, z) is a regular system of param-
eters for R, (z) yields the directrix of J', (z) ‘R= ) c R, and A(Ju3z) = AWJ;u) =

Recall that a subscheme D C X := Spec(R/J) is called a permissible center for X if
it is regular and X is normally flat along D at every point of D ([3] Definition 2.1). The
latter holds if D is contained in the Hilbert-Samuel locus of X, D c HS(X), see loc. cit.,
Theorem 2.3.

Proof of Proposition 4.1 Due to Hironaka (Theorem 1.11) there are (f 9) in R such that we
have A(J;usy) = A(f u;y) = @. Since A(J;uy) = @ we get that D:= Spec(R/(y)) is a per-
Qissible center for X := SBec(I/é /7), 7 =J - R. This follows from [3] Theorem 2.2(2) using
(f) and the definition of A(f;u;y) (Definition 1.2) in part (iv) of the cited theorem.

Claim 4.2 Assumption () implies that, after blowing up along D, the Hilbert-Samuel func-
tion decreases at every point lying above the center.
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Take it for granted for the moment.

By Claim 4.2, the maxim/gl value of the Hilbert-Samuel function strictly decreases after
the blowing up with center D. Since a blowing up is an isomorphism outside of the center,
this may only happen if we have blown up the entire maximal Hilbert-Samuel stratum
HS(X) of X: Iyg) = ()R, where Iy, denotes the ideal of the Hilbert-Samuel stratum
of X.

By [3] Lemma 1.37(2), the Hilbert-Samuel stratum of X (which is given by J= Jﬁ) is
solely determined by that of X = Spec(R/J),

I]-[s(f() =Iysx) "R = (VIR 4.1
where Iy xy denotes the ideal of the Hilbert-Samuel stratum of X. Hence there is an ideal
I C Rsuchthat-R=(3). Since R is excellent (Lemma 2.1), R/l is regular and the height
of I is r. Thus there exist regular elements (z) = (z;, ... ,z,) in R such that I = (z,, ..., z,).
This implies

(z)-R=1-R= ). 4.2)

Therefore (u, z) is a regular system of parameters for R, (z) determines the directrix of J’
and we have the desired equality A(J;u;z) = A(J;u5y) = A(J;u) = @.

Proof of the Claim 4.2 Let Dirg()A() (resp. Ridg()A()) be the directrix (resp. the ridge) of the
cone defined by inj;(JR), X is the closed point in Spec(R).
If (*)(a) holds, then

(Rid;(X)), 4 = Dirz(X) 43)

which follows using [12] Proposition 5.4(i), p.I-27.

It follows from [12] Corollaire 2.4, p.III-13 (see also [11] Theorem (9.2.2)) that if X’ is
near to X then X’ must be contained in the projective space associated to the quotient group
Ridy()A() /T+(D), where T(D) denotes the Zariski tangent space of D at X. By (4.3), this pro-
jective space is empty.

In case (x)(b), this is a consequence of a result by Hironaka [16] Theorem 2 which was
later improved by Mizutani [19] (see also [11] section 10.9). This is in connection with
so called Hironaka group schemes (e.g., see [12] § 2, p.III-11, or [11] chapter 9). For a
detailed statement and proof, we refer to [3] Theorem 2.14. O

Note that this proves statements (1)(2)(3) of Claim 2.3 assuming hypothesis () to be
true, while (4)(5)(6) will follow from Proposition 6.1 below.

Observation 4.3 In fact, in order to apply the argument of the previous proof for finding
the elements (z) = (z;, ... ,2,), we only need that the ideal of the Hilbert Samuel stratum
HS(X) is 3, ...,,) (and that R is a regular local G-ring).

This assumption is less restrictive than (). For example, let R be a regular local G-ring
containing a non-perfect field k of characteristic two, and let J = (f) be a principal ideal
such that dim(Spec(R/J)) > 3. If f =57 + 433 in R, for A € k \ k2, then neither (+)(a) nor

(+)(b) holds, while HS(X) = Spec(R /@11, $,)).
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6 Empty characteristic polyhedron lll: Henselian rings (following O.
Piltant)

In this section, we discuss Theorem A, the case when R is a Henselian regular local
G-ring. The arguments for the proof have been outlined to us by Olivier Piltant in a private
conversation.

Analogous to the previous section, we prove

Theorem 5.1 Let R be a regular local G-ring, J CR be a non-zero ideal and
W, y) = Uy, ..., U3y, --.»Y,) be a regular system of parameters of R such that (u) is a regu-
lar (RIJ) -sequence and (y) determines the directrix of I' = J - R, where R' = R/{u).
Suppose A(J;u) = @ and R is Henselian. Let ) = (3, ...,3,) be the elements in R such
that A(J;u;y) = @ obtained by Hironaka’s vertex preparation.
There exist elements (z) = (2, ...,2,) in R such that (u 7) is a regular system of param—
eters for R, (z) yields the directrix of J',{z) - R= HXe R, and A(Jsu;2) = A(Ju) =

The theorem provides statements (1)(2)(3) of Claim 2.3 under the assumption that R is
Henselian. The remaining parts (4)(5)(6) will follow from Proposition 6.1 below.

Proof We already know how to prove the result if the reduced ridge coincides with
the directrix (Proposition 4.1). Therefore we can exclude the case that the residue field
k = R/M is perfect (in particular, we may assume char(R/M) > 0) in the following.

Due to Hironaka (Theorem 1.11) there are (¥) = (3, ... ,y,) in R and a (u)-standard basis
(;‘\) = (}‘\1, ,ﬁl)of?\: J - R such that

AFud) = @

The latter implies that D:= = Spec(R/(¥y,....¥,)) is a permissible center for

X:= Spec(R/J) (i.e., Dis regular and X is normally flat along D at every point of D, 131

Definition 2.1). In particular, D is contained in the Hilbert-Samuel locus of X,DC HS(X)
Moreover, A(? ;u;y) = @ provides that, for all 1 < i < m, we have

ey,

where v; = ordy(f;)) = n(,,)(f ), which follows using the definition of the polyhedron associ-
ated to (f u,y) (Definition 1.2).
We introduce the following ideals:

P:=@....5)CcR and P:=PnR={(p,.....0,) CR.

By [3] Lemma 1.37(2) the Hilbert-Samuel stratum of J=J-Ris solely determined by that
of J. Therefore, we have P # (0). Furthermore, we have a unique decomposition

PR=0,n...nQ, CP. (5.1

where the Q are prime ideals, 1 < i < s ([13] (7.8.3.1)(vii): as R/P is reduced, the comple-
tion R / PRis reduced).
The uniqueness implies that there are no embedded components.
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Since R is excellent (Lemma 2.1), the fiber Spec(R /PR ) is regular and thus
there exists a regular system of parameters for R /PRA Moreover, a regular sys-
tem of parameters for P RA C RA can be picked as the set consisting of the pull back
of a regular system of parameters for Ry /PRA and a regular system of parameters for
P-Rp=(@y,.... 0 )r, C Rp, extracted from a system of generators (@;, ..., @, ..., @ ) of
P C R. Therefore, we may assume, without loss of generality,

131/513 = Pls e s @os Voyls oo s Dr >1Ae;, C 1/513.
and
grp(Rp) = k(P)[y, ..., P.],
where ¢; = inp(@;), for1 <i < c. We consider the polynomial ring
15Rp) = kPBys s Bs Vgt o5 V1,
where 3’\] = inlg@j), forl <j<r,and q.’~>i 1= inp(@,), for1 < i < c. The natural map
grp(Rp) — gr;,(??;,)

sends ¢, to ¢,, for | <i < c, so it is injective and homogeneous of degree 1. In particular,
this implies that

deg;,(q’;i) =ordp(p) =1, for allie {1,....c}.
But so far we only know:
ord,(¢;) > 1.

Let us now come back to decomposition (5.1), PR = on..nQ, C P.
Claim 5.2 The following properties hold:

(1) Wehave Q;NnR=P,foralli e {1,...,s}.
(2) There is at least one i, without loss ofgenemllty iy = 1, such that Q, C P.
(3) We have (PR )p = PRA

Proof

(1) Suppose P & Q; N R. The ﬂatness of R > R implies that we have the going down prop-
erty, i.e., there is an ideal Q' C R such that Q' ¢ Q;and Q' N R = P. But this contradicts
the uniqueness of the decomposition (5.1).

(2) IfwehaveQ, C P, for somei € {2,.... s}, we obtain the assertion after renaming the
components. Hence, suppose that Q ¢ P, for 2 <i < s. Then, there exist elements
a; € Q;such thata; & P. For every element a € Q,,wehavea - Gy ey € P and, since
Pisa prime ideal, we must have a € P, which provides Q, C Pas des1red

(3) AsJ CR, its directrix lies in grp(Rp) = k(P)[¢, ..., ¢.]. By the minimality of the
directrix, we have

e(R /JR = dlm(Dlr(R /JR ) >r—c.
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On the other hand, [3] Theorem 2.7 provides (Recall that P= ST )
r—c< e(R /JR ) < e(R/JR) dlm(R /PR =0.

So, we have ¢ = r and Spec(R /PR ) is regular of dimension 0, i.e., Rs /PRA is a
field.

O
Thus, since ( PR )p = 1/513]3 and Q, C P (Claim 5.2(2) and (3)), we get

dim(R;/PR3) = dim(R3/Q,R;) = dim(R,/PRp).

SinceAR is catenary, this implies dim(R/P) = dim(ﬁ /0,) = dim(R/P). Hence, since
0, C P, we have

0= P
This means that (5.1) becomes
PR=PNnQ,Nn...nQ,. (5.2)

Up to this point, we have not used the property that R is Henselian yet. We claim that R
Henselian implies s = 1: First, A := R/P is a reduced Henselian excellent local ring and
Spec(A) is irreducible. Thus, [14] Proposition (18.6.12) provides that A is unibranch and
the latter is equivalent to A being\ intg\gral, by [13] Scholie (7.8.3)(vii). So, s = 1.

In other words, (5.2) is PR=P. With the notations of Proposition 4.1, we get:
Iys) = (V)R.

Using the identical argument, (starting from (4.1)), the assumption that R is excellent
finishes the proof of Theorem 5.1. O

Again, let us emphasize that the previous proof provides the following result (without
the assumption R Henselian)

Proposition 5.3 Let R be a regular local G-ring, J CR be a non-zero ideal and
W, y) = Uy, ..., U3y, --.»y,) be a regular system of parameters of R such that (u) is a regu-
lar (RIJ) -sequence and (y) determines the directrix of J' = J - R', where R’ = R/{u).

Suppose A(J;u) = @. Let (%) = (34, ...,Y,) be the elements in R such that AUJuy) =@
obtained by Hironaka’s vertex preparation. If we define

=(3,....9)CR and P:=PNnRCR,
then we have a unique decomposition
PR=PNnQ,n...nQ,

for certain primes ideal Q,, ..., Q, C R
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7 Empty characteristic polyhedron IV: finding generators

In this section, we explain how to obtain suitable generators (g, ..., g,,) for the ideal / C R
such that A(g;u;z) = A(J;u) = @, where (2) = (zy, ... ,z,) are the elements constructed in
the previous subsections. For this step, it is not necessary to assume that any of the hypoth-
eses (x) or R Henselian hold. (Recall that, if (Pol) holds, we obtained the appropriate gen-
erators in a different way).

Proposition 6.1 Let R be a regular local G-ring, J CR be a non-zero ideal and
W, y) = Uy, ..., U3y, ---»Y,) be a regular system of parameters for R such that (u) is a
regular (RIJ) -sequence and (y) determines the directrix of J' = J - R, where R' = R/{u).
Let (f) = (f, ... .f,,) be a O-normalized (u)-standard basis for J.

Suppose A(J;u) = @. Let §) = 3y, ... ,,) be the elements in R obtained by Hironaka’s
vertex preparation such that A(J;u;y) = @. Assume there exist (z) = (zy,...,2,) in R such
that (u, 7) is a regular system of parameters for R with (z) - R= o).

Then we have 7 € I(A(f;u3y);1) (Definition 1.17), for1 <j < r,and A(f;u;z) C A(f;usy).
Furthermore, there exists a (u)-standard basis (g) = (gy,...,8,) for J in R such that
A(g;us2) = @ and

i—1
g =fi+ Y hf, €R I, € IAFuy)iy—v,), 1<i<m

By Proposition 4.1 (resp. Theorem 5.1), the assumptions of the above theorem hold
true if hypothesis (x) is true (resp. if R is Henselian). Therefore, the mentioned proposi-
tion and the previous one imply Claim 2.3 if hypothesis () holds (resp. if R is Hense-
lian). Together with Theorem 2.5, we then obtain Theorems B and A .

Proof Since the characteristic polyhedron is empty, we have v; = ordy(f;), for all
i €{l,...,m}, and the elements (y) = (y;, ... ,,) determine the directrix of J. In particular,
every standard basis for J is a (u)-standard basis, which follows by [3] Lemma 6.8.

As R— R is faithfully flat, for any ideal / C R, we have JRNR = I. By Hironaka’s
construction (Theorem 1.29), we have y =y+ (p,, for some (p, € (u) - R for every
j€{1,...,r}. In particular, (3) C I(A(f; u,y) 1) - R and therefore,

(2) = §) N R C I(A(f35):1) - RO R = I(A(fu3y);1).

This gives the first assertion.
By Hironaka’s construction, applied to (fy,....f,) and (y,...,y), we find
®=G@,....8, €R", with
i-1

2i=he@" B=fi+ ) haf €@ R=E", ©.1)
a=1

for2 < i < m, with /., € I(A(f3u:y);; — v,)R and A@;u9) = @
As (f) is O-normalized (which is stable under vertex preparation), we have
iny,(g;) = iny,(f,). Further, g; € (z)“R, s0 A(g;u;z) = A(Gusy) = &
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Since g; € = ()" R, for all i€ {1,. .,m}, we obtain that Spec(l/é/ (z)l/é) is permissi-
ble for Spec(R/JR) Hence, since R — R is faithfully flat, D := Spec(R/(z)) is permis-
sible for X := Spec(R/J) at the origin x = Spec(R/M) € D, by [3] Theorem 2.2(3).
In particular, X is normally flat along D at x. By [3] Theorem 2.2(2)(iv), we can find
g)= (g’], ,g”n) € R™ a standard basis of J, such that, for1 <i <m,

m

g =Y N f e fork, eRr. (6.2)

a=1

As (g') is a standard basis, (iny,(g")) = in,,(J) = (in,,(f)) and we can adapt the basis (g’) to
get

iny, () = iny(f), forl <i<m. 6.3)

In particular, we have A(g';u;z) = @ and g} = f; = g,, without loss of generality. By (6.1),
(6.2), and (6.3), we have g, = gl’, mod M(z)%, and we get, for alli € {2, ...,m},

m i-1

W fo—fi = &= = 8i—f = X hiafy mod M(z)"R
a=1 a=1
As Z - lafa € Za_]fa ICA(fsusy)sv; va)IAQ, by faithful flatness,

i—1

Zh’Ja -fi€ ZfaI(A(f Yy, = v,) + M(z)".

Hence, for 2 < i < m, there is an expansion:

i-1

g =fi+ Y hf,+kER,
a=1
for some k; € M(z)" and h;, € I(A(f;usy);v; —v,) CR.

Since k; € M(z)", these k; cannot contribute to the polyhedron: A(g;u;z) = A(g";u;z) =
with g, :—f,,gl.—f+2a1hmfa,f0r2<z<m O

8 On the general case and more examples

We end with some remarks on the general case. First, let us summarize which of the results
are valid for any regular local G-ring (without assuming R to be Henselian or hypothesis
() or (Pol) to hold):

® Theorem 2.5: The reduction from a non-empty characteristic polyhedron to the case of
an empty one.

e Proposition 2.11: Along a given face of A(f;u;y) # @, the data either fulfills hypothesis
(Pol) (Gif Z(f, u,y) > 0) or is contained in a smaller dimensional regular local G-ring (if
(f,u,y) =0).

* Proposition 5.3: Let () = ()}, ..., J,) be the coordinates obtained by Hironaka’s ver-
tex preparation. Suppose that A(J;u) = @. If we set P :=(y) CRand P :=PNRCR,
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then we have a unique decomposition P - R=Pn o,Nn...nQ,, for Q,,...,0, C R
prime ideals and s > 1.

e Proposition 6.1: Once we have found appropriate coordinates (z) = (z, ..., z,) in R such
that A(J;u;z) = @, we can find a (u)-standard basis (g) = (g;, ..., &,,) for J such that
A(gu;z) = @.

Remark 7.1 An important step in the proof for the existence of (z) under hypothesis () or R
Henselian, was to construct an ideal / C R with the property I - R= (7). The excellence of
R then finished the proof. In case (), this was obtain since I;;q 5, = (¥). In Example 7.5, we
show that this property does not hold, in general.

Nonetheless, if we can find a measure for the complexity of a singularity (as an alterna-
tive to the Hilbert-Samuel function) defining a closed subscheme W C Spec(R) such that
the ideal Iy, of W has the property Iy, - R= (9), the same arguments can be applied to finish
the proof.

One candidate to study is the extension of the Hilbert-Samuel function by the codimen-
sion of the ridge. In [9], a proof of the upper semi-continuity for this refinement is given,
which is hidden in Giraud’s work [12]. Hence, the locus W, where it becomes maximal
is closed. Furthermore, using [11] Main Theorem C, one can deduce that the ideal of the
maximal locus of this invariant in R is (y) if dim(X) < 5. Dietel introduces a refinement of
the ridge and makes use Oda’s classification of Hironaka schemes [21] (see also [11] sec-
tion 10.9). Due to increasing complexity, there is no classification of Hironaka schemes in
higher dimension and more work is required.

SX)

We claim that the following result holds, which characterizes (y) if the characteristic
polyhedron is empty. Unfortunately, we could not make significant use of it so far, but
we believe that it deserves to be mentioned.

Claim 7.2 Let R be a regular local G-ring, JCR be a non-zero ideal and
W, y) = Uy, ..., U3y, --.»Y,) be a regular system of parameters for R such that (u) is a
regular (R/J) -sequence and (y) determines the directrix of I' = J - R', where R' = R/{u).

Suppose A(J;u) = @. Let (5) = (3, ..., 3,) be the elements in R obtained by Hironaka’s
vertex preparation such that A(J;u;y) = @. Then, D:= Spec(l’é/ (3)) is the unique permis-
sible center for X := Spec(ﬁ/ll/é) of maximal dimension, and every permissible center is
contained in D.

Proof (outline) First of all, D is permissible. If there is a larger center containing D, then
we get a contradiction to the minimality of the number of generators of the directrix. If
there is a permissible center that is transversal to D, then we get again a contradiction to
the property that the system (9) yields the directrix. Suppose there is a permissible center
that is tangent to D and denote the corresponding ideal I’. Then we get that the associated
polyhedron cannot be empty and thus g & I'", i.e., Spec(R/I") is not a permissible center.

O

In general, (*)(a) does only hold after a finite purely inseparable extension of the resi-

due field k. But by doing this the characteristic polyhedron may change drastically, as
we illustrate in the following example.
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Furthermore, if differential operators map the ring R into itself, then one can deduce
(*)(a) by using them. But this is also not true in general (see [18] Nomura’s Theo-
rem 30.6, p. 237).

Example 7.3 Let R be a regular local ring containing a field k of characteristic p > 2 and
set g = p¢ for some e € Z . Suppose (u,, U,,y;,,) is a regular system of parameters for R.
Consider the element

f=y1+ 5+’ + Azugq,

where A, A2 € k \ k9 are g-independent. If we pass to the field extension k' := k[f]/(t9 — 1)
over k, then f =yl + 19y + 19 ? + tzqugq in k’. Hence, hypothesis (+)(a) holds and the
directrix is given by zj 1=y, +1y,. [f we set z 1=y, + 1y, + tu] + tzug, we get f =z%and
the characteristic polyhedron over &’ is empty.

Another way of deducing (x)(a) is by applying the derivative <. In this example mini-
mizing the polyhedron for fis the same as mmlmlzmg the one of (f, a/ ) Further, we stay
in the local ring R and get z;, =y, and z, =y, + u . In R we cannot solve the vertex corre-
sponding to the monomial A2 gq Hence the characterlstlc polyhedron is non-empty.

In conclusion, it is not clear how using purely inseparable extensions shall provide
information on the original characteristic polyhedron.

Here is another example, where the coordinates can be obtained using derivatives by
constants, but this time with empty characteristic polyhedron.

Example 7.4 Let R be a regular local ring containing a field k of characteristic p > 0. Sup-
pose (u;, u,,y;,y,) is a regular system of parameters for R. Consider the element

f=Y + 8 +ul + A+ D

where A € k\ k¥’. By applying the derivative %, we see that the desired elements are
7y =y, +ul +usand z, =y, + u3. We get that f = 27 + Az,

The following example (which is based on an example by Hironaka, see [16] Theo-
rem 3, p.331) illustrates that Spec(IAi/ i, ---,,)) is not necessarily equal to the Hilbert-
Samuel locus, in general. Moreover, it shows that the singular locus of the maximal Hil-
bert-Samuel locus does not characterize the ideal ().

Example 7.5 Consider the variety given by
[=X+ W+ pu® + dpw? +yzau' € R i=k[x, v, zow.ul 2

over a field k, char(k) = 2 and [k?(A, u) : k*] = 4. The order at the origin is n = 2, the ideal
of the directrix is given by (X,Y,Z, W) and f € (x,y,z,w)>. The derivatives are

3—c =zu'l, af = yu! i =y? + uw? and = 22 + Aw?. Therefore the locus of maximal

order (Wthh comades with the maximal Hilbert-Samuel locus because we are considering
a hypersurface) is

V(x,y,z,w) U V(u, >+ /lywz,yz + ;4w2,z2 + An?).

Note that the singular locus of this is the origin V(x, y, z, w, u).
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Example 7.6 Let R be a regular local ring containing a field k of characteristic p > 0. Sup-
pose (u;, u,,y,,y,) is a regular system of parameters for R. Consider the element

f= y”+/1y”+ﬂ)/’ +y” l+/1u"’

where A € k \ k. A possible idea would be to introduce a weight on the coordinate y, such
that we art1ﬁ01ally create condition (*)(a). But if we do so, then we will never see that we
have to solve yp because it will be in the interior of the corresponding polyhedron.

It is not hard to see that the characteristic polyhedron is empty and the desired param-
etersare z; :=y, +yp+up and z, —y2+y”+up
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