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DENOMINATOR VECTORS AND DIMENSION VECTORS FROM
TRIANGULATED SURFACES

TOSHIYA YURIKUSA

ABSTRACT. In a categorification of skew-symmetric cluster algebras, each cluster variable corresponds
with an indecomposable module over the associated Jacobian algebra. Buan, Marsh and Reiten
studied when the denominator vector of each cluster variable in an acyclic cluster algebra coincides
with the dimension vector of the corresponding module. In this paper, we give analogues of their
results for cluster algebras from triangulated surfaces by comparing two kinds of intersection numbers
of tagged arcs.

1. INTRODUCTION

Cluster algebras [FZ02] are commutative algebras with generators called cluster variables. The
certain tuples of cluster variables are called clusters. In a cluster algebra with principal coefficients, by
Laurent phenomenon, any cluster variable x is expressed by a Laurent polynomial of the initial cluster
variables (z1,...,2,) and coefficients (y1,...,yn)

F(xlv" <5 Ty Y1, - 7yn)
di () dn (z) ’
o.oxn

Tr =

where d;(z) € Z and F(z1,...,Zn, Y1, Yn) € Z[T1,.. ., Tn,Y1,---,Yn] is not divisible by any x;
[FZ02 [FZ07]. We call d(z) := (di(z))1<i<n the denominator vector of z. For the maximal degree
fi(z) of y; in the F-polynomial F(1,...,1,y1,...,yn), we call f(x) := (fi(z))1<i<n the f-vector of x.
It was conjectured that d(x) = f(z) for any non-initial cluster variable z in [FZ07, Conjecture 7.17].
Let @ be a quiver without oriented cycles of length at most two and K an algebraically closed
field. The quiver @ defines a cluster algebra A(Q) [FZ02] and a Jacobian algebra J(Q) = J(Q, W)
over K for a non-degenerate potential W of @ [DWZ08]. Then non-initial cluster variables x of
A(Q) correspond with certain indecomposable J(Q)-modules M(z) (see Subsection B2]). Note that
the dimension vector dim M(x) is independent of the choice of W as stated below. It was proved in

[CKO06] (see also [CCO6, [Hub06]) that if @ is acyclic, then it satisfies the property
(d=dim) d(z) = dim M(z) for any non-initial cluster variable z of A(Q).
However, it does not hold in general though it is known that d(z) < dim M(z) [DWZ10, Corollary 5.5].

Buan, Marsh, and Reiten gave a characterization of quivers satisfying (d=diml) for mutation
equivalence classes of acyclic quivers (see also [GLFS16, Theorem 1.1]).

Theorem 1.1 ([BMRQ9, Theorems 1.5 and 1.6]). Let Q be a quiver obtained from an acyclic quiver
by a sequence of mutations. If Q satisfies (d=diml), then End ;o) (P) ~ K for any indecomposable
projective J(Q)-module P. In addition, if J(Q) is a tame algebra, then the inverse holds.

Note that Theorems 1.5 and 1.6] were given in terms of the associated cluster category, but
they are equivalent to Theorem [T by [BMR09, Remark 3.4] (see (81])). They also gave the following
result as a consequence of Theorem [T

Theorem 1.2 ([BMR09, Corollary 1.7]). Let Q be an acyclic quiver. Then every quiver obtained from
Q by a sequence of mutations satisfies ([d=diml) if and only if Q is a Dynkin quiver or has exactly two
vertices.
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On the other hand, in the case that J(Q) is finite dimensional, Fu and Keller [FK10] proved that
the equality f(x) = dim M(z) holds and it gave a counterexample of [FZ07, Conjecture 7.17] (based on
[BMRO9]). This equality holds in general (Theorem [B8]), thus the vector dim M(z) and the property
(d=diml) are independent of the choice of W since f-vectors are so.

In this paper, we consider Theorems [[.T] and for quivers defined from triangulated surfaces.
Cluster algebras associated with marked surfaces were introduced in [FSTO§| based on [FG06]. To a
tagged triangulation T of a marked surface S, they associated a quiver Q7 and studied the cluster alge-
bra A(Qr). In particular, tagged arcs (resp., tagged triangulations, tagged arcs of T') of S correspond
bijectively with cluster variables (resp., clusters, the initial cluster variables) of A(Qr) except that S
is a closed surface with exactly one puncture. Moreover, flips of tagged triangulations are compatible
with mutations of clusters (see Section []).

Moreover, there are two kinds of intersection numbers of tagged arcs: One was introduced in [FSTO0S]
to give denominator vectors in A(Qr); Another one was introduced in [QZ17] to give dimension of
homomorphisms in the associated cluster category. Then the latter also gives f-vectors in A(Qr) (The-
orem [£2)). Therefore, we mainly study these intersection numbers. As a consequence, we characterize
quivers satisfying (d=diml) in geometric terms.

Theorem 1.3. Let S be a marked surface and T a tagged triangulation of S. Then Qr satisfies
(d=diml)) if and only if either S is a torus with ezactly one puncture or T has neither loops nor tagged
arcs connecting punctures.

Theorem 1.4. Let S be a marked surface.

(1) There is at least one tagged triangulation T of S such that Qr satisfies ([d=diml) if and only
if S is one of the following:
o a marked surface of genus zero with non-empty boundary;
e o marked surface of positive genus with non-empty boundary and at least three marked
points, at least two of which are on JS;
e ¢ torus with exactly one puncture.
(2) The quivers Qr satisfy ([d=diml) for all tagged triangulations T of S if and only if S is one of
the following:
e a polygon with at most one puncture;
e an annulus with exactly two marked points;
e ¢ torus with exactly one puncture.

An analogue of Theorem [[.2 immediately follows from Theorem [[4(2) (see Example [£.]), where we
say that a quiver is Dynkin type if it is obtained from a Dynkin quiver by a sequence of mutations.

Corollary 1.5. Let T be a tagged triangulation. Then every quiver obtained from Qr by a sequence of
mutations satisfies (d=diml) if and only if Qr is either Dynkin type, a Kronecker quiver, or a Markov
quiver.

Moreover, we also give an analogue of Theorem [[LI] except for closed surfaces with exactly one
puncture by using Theorem

Theorem 1.6 (Theorem 7). Let T be a tagged triangulation of a marked surface which is not a
closed surface with exactly one puncture. Then Qr satisfies ([d=dim)) if and only if End g (P) ~ K
for any indecomposable projective J(Qr)-module P.

Finally, if S is a torus with exactly one puncture, then Qr satisfies (d=diml by Theorem [L3l
However, Labardini-Fragoso [LF09] constructed a non-degenerate potential W of Q7 such that

e dim End j(q,,w)(P) = 4 for any indecomposable projective J(Qr, W)-module P [Lad12, Propo-
sition 4.2];
o J(Qr,W) is tame [GLES16] (see also [LF16al Theorem 3.5]).

Therefore, Theorem [ILT] (or Theorem [LL6) does not hold in general.
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This paper is organized as follows. In Section 2 we only work on marked surfaces. We study
two kinds of intersection numbers and give geometric versions of Theorems and [[4] (Theorems
210 21T and 2T2)). In Section Bl we recall cluster algebras and their categorification. For the case
arising from marked surfaces, they have many properties as in Section @l Using the properties and
the results in Section 2l we give Theorems [[L3] [L4] in Subsection 1] and Theorem in Subsection
Moreover, we also characterize the condition of Corollary in terms of the associated cluster
category (Proposition L9)). In Section [l we give an example which is not covered by [BMR09].

2. ON MARKED SURFACES
In this section, we work on marked surfaces [ESTOS8, [FT18].

2.1. Intersection numbers of tagged arcs. Let S be a connected compact oriented Riemann surface
with (possibly empty) boundary 95 and M a non-empty finite set of marked points on S with at least
one marked point on each connected component of 9.S. We call the pair S = (S, M) a marked surface.
A marked point in the interior of S is called a puncture. For technical reasons, we assume that S is
not a monogon with at most one puncture, a digon without punctures, a triangle without punctures,
and a sphere with at most three punctures (see [FSTO8] for the details). Throughout this paper, we
consider a curve on S up to isotopy relative to M.

A tagged arc of S is a curve on S whose endpoints are in M and each end is tagged in one of two
ways, plain or notched, such that the following conditions are satisfied:

e it does not intersect itself except at its endpoints;

e it is disjoint from M and 0S except at its endpoints;

e it does not cut out a monogon with at most one puncture or a digon without punctures;
e its ends incident to 0.5 are tagged plain;

e both ends of a loop are tagged in the same way,

where a loop is a tagged arc with two identical endpoints. In the figures, we represent tags as follows:
plain ——e notched —¥e .

A pair of conjugate arcs is the following pair of tagged arcs whose underlying curves coincide:

04

We denote by Ag the set of tagged arcs of S. We also recall a rotation of tagged arcs [BQ15] (see
Table 2)).

Definition 2.1. The tagged rotation of v € Ag is the tagged arc p(v) defined as follows:

e If v has an endpoint o on a component C of 95, then p(v) is obtained from v by moving o to
the next marked point on C' in the counterclockwise direction;
e If v has an endpoint at a puncture p, then p(v) is obtained from 7 by changing its tags at p.

Throughout this paper, when we consider intersections of curves, we assume that they intersect
transversally in a minimum number of points in S\ M. Our main subjects are two kinds of intersection
numbers of tagged arcs defined in [FST08| Definition 8.4] and [QZ17, Definition 3.3].

Definition 2.2. Let v,§ € Ag.

(1) The FST-intersection number (y|0) of v and ¢ is defined by A, 5+ By,s + Cy,5 + D~,5, where

e A, s is the number of intersection points of v and ¢ in S\ M;

e B, ;=0 unless v is a loop at o € M, in which case B, 5 is the negative of the number of
contractible triangles A defined as follows: Suppose that § consecutively intersects with
~ at points a and b. Then A consists of the segment of § from a to b, the segment of
from o to a, and the segment of v from o to b (see Figure [Il);

e (. s = 0 unless the underlying curves of v and ¢ coincide, in which case C, s = —1;
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e D, 5 is the number of ends of ¢ incident to an endpoint e of v whose tags are different
from one of « at e.
(2) The QZ-intersection number Int(v,d) of v and 0 is defined by A, 5 + C” 5+ D! 5, where
e C! 5 =0 unless y and ¢ form a pair of conjugate arcs, in which case C’ ; = —1;
. ny_’ s is the number of pairs of an end of v and an end of § such that they are incident to

a common puncture and their tags are different.

FIGURE 1. The triangle A contributes —1 to B if it is contractible

Note that FST-intersection numbers are not symmetric in general, while QZ-intersection numbers
are symmetric.

Let v,6 € As. By the definitions, C 5, D s, C;)é, and D;)é are zero if v and § have no common
endpoints. Moreover, C,, 5 and C'/vy s are zero if the underlying curves of v and § do not coincide. Thus
Table [ lists all cases where any of them are not zero up to changing all tags at each puncture. In
particular, (y|y) = C, , = =1 # 0= C’ = Int(y,7). Moreover, if v and ¢ form a pair of conjugate
arcs, then (y]6) = Int(y,d) = 0.

AN AR

[0 T e AR N e A}

<
C
“

Cys| -1 -1 -1
sl 0 -1 0
vl 0 -1

<

Dys| 1 2 1 1 2 2
DSl 1 2 1 2 2 4
Y50 0 0 -1 0 -2

TABLE 1. Cases that any of C, 5, D+ s, O'/y-,é’ and Dfm are not zero

By the definitions, we can give a difference between the intersection numbers.
Proposition 2.3. Let v, € As. Then we have
(v16) = Int(7y,d) + Bys + C'/yl7§ + ny/,ga
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where
e B, ;s is defined in Definition[Z2(1);
° C’;’)é = 0 unless the underlying curves of v and 0 coincide and they do not form a pair of
conjugate arcs, in which case C;’)é =—1;
° ny’ﬁ = 0 unless v is a loop at a puncture p, in which case ny'ﬁ is the negative of the number
of ends of § incident to p whose tags are different from ones of .

Proof. Table[d] gives the equalities C s=Cyo— C 5 and D’ 56 = D - D! 6 Otherwise, all of them
are zero as the above observation. T herefore we get the des1red equahty from Definition 2.2 |

We observe some properties of the values B, 5, C// 5, and D7 ;.
Lemma 2.4. Let v,d € Ag.
(1) The values By 5, CY 5, and DY 5 are non-positive and (7]0) < Int(y,d).
(2) If v is not a loop, then By s = DI 5= 0.
(3) There is ay" € As\{v} such that C7 ., # 0 if and only if v connects punctures.

Proof. The assertions immediate follow from the definitions. |
Lemma 2.5. If v is a loop of S at m € M N OS, then there is a § € As such that By s # 0.

Proof. Let C be a connected component of 0.5 containing m. If v is homotopic to C, then there are
other marked points on C'. We take a loop d at such a marked point which is homotopic to C. Then
we have B, s # 0 (see the left diagram of Figure [2).

Suppose that «y is not homotopic to C. We take ¢ as a tagged arc obtained from v by applying the
Dehn twist along a simple closed curve which is homotopic to C (see e.g. [Marl6] for the definition of
Dehn twists). Then we get B, s # 0 (see the right diagrams of Figure [2). O

Dehn twist along £ w
- D))

FIGURE 2. Constructions of § € As satisfying B, s # 0 for a loop v at m € M N 9S

Lemma 2.6. Suppose that S is a closed surface with exactly one puncture. Let v € Ag.

(1) If the genus of S is one, then we have By s =0 for any § € As.
(2) If the genus of S is two or more, then there is a 6 € Ag such that B, s # 0.

Proof. The claim (1) was proved in [RSI7, Subsection 4.3] in the case that all ends of v and ¢ are
tagged plain. Since B, ;s is independent of their tags, it holds in general cases.

For (2), we can take a desired § concretely. In fact, we consider the case that the genus of S is two.
Then S is described by the octahedron Pg as follows:
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where c1,...,cs are segments of a simple closed curve which is contracted to a puncture, and the
edges of Ps with the same numbers are identified along the directions. In Py, there are the connected
segments ' and ~" of v containing endpoints of 7, where they may be identified. We assume that
the endpoints of 4/ and 4" are p; and p; for i < j, respectively. Then " and " intersect with ¢; and
¢j, and let ¢; and g; be their intersection points, respectively. If § contains the curve cicitq---¢; or
¢j e cpcr--- ¢ in S, then § consecutively intersects with v at g; and ¢;. Then the segment of § from
¢; to g;, the segment of v from p to ¢;, and the segment of  from p to ¢; form a contractible triangle,
thus we have B, s # 0. That is, we only need to give such §. We consider four tagged arcs

Then §;, contains cg41 - - cxy for k € {1,2,5,6}, where cgyn = . Therefore, there is k such that
B, 5, # 0 except for (i,7) = (1,5). In which case, either B, 5, # 0 or B, 5, # 0 for two tagged arcs

In the same way, we can construct a desired § for the case that the genus of S is three or more. O

2.2. Tagged triangulations with common intersection vectors. A tagged triangulation of S is
a maximal set T of tagged arcs of S such that Int(vy,d) = 0 for any v, € T. We denote by Ts the
set of tagged triangulations of S. By [ESTO08, Remark 4.2], a tagged triangulation of S decomposes S
into puzzle pieces as in Figure [Bl

A ) @ &

FIGURE 3. A complete list of puzzle pieces of S up to changing all tags at each
puncture, where the rightmost puzzle piece forms a tagged triangulation of a sphere
with exactly four punctures

Let T € Ts. For v € T, there is a unique tagged arc ' ¢ T such that p, T := (T'\ {y})U{+'} € Ts.
We call u, T the flip of T at v. We denote by 'H‘g the set of tagged triangulations of S obtained from
T by sequences of flips, and by Afg the set of tagged arcs of tagged triangulations contained in ng. It
is elementary that flips are compatible with tagged rotations, that is, we have p(u,T) = p,)p(T). It
implies that p : ng — Tg(T) is a bijection which commutes with flips. In almost cases, its domain and
codomain coincide as follows.

Theorem 2.7 ([FSTO08, Theorem 7.9 and Proposition 7.10]). If S is not a closed surface with exactly
one puncture, then we have ng =T, that is, any two tagged triangulations of S are connected by a
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sequence of flips. If S is a closed surface with exactly one puncture, then we have ng I_I'IFg(T) =Ts, in

particular, all tags appearing in 'I['g are the same.

For v € Ag, we set two kinds of intersection vectors
(Tly) = ((t))eer € Z" and Int(T,7) = (Int(t,7))er € Z"

Note that the former induces the denominator vector of the corresponding cluster variable, while the
latter induces its f-vector and the dimension vector of the corresponding indecomposable module (see
Theorem [£.2] and under Theorem [3.8)).

Definition 2.8. Let T'€ Ts. We say that
(1) T has common intersection vectors (CIV, for short) if (T'|y) = Int(T,v) for any v € As\T;

(2) T has weak common intersection vectors (wCIV, for short) if (T'|y) = Int(T,~) for any v €
AT\T.

Theorem 27 implies that CIV and wCIV are equivalent if S is not a closed surface with exactly one
puncture. In which case, we get the following.

Proposition 2.9. Suppose that S is a closed surface with exactly one puncture. Then oll T € Ts do
not have CIV. Moreover, the following are equivalent:

(1) There is at least one T € Ts with wCIV;

(2) AT € Ts have wCIV;

(3) S is a torus.

Proof. Using the notations in Proposition 23] the first claim follows from C’” ;é 0 for any v € Ag
under the assumption. Let T' € Ts and v € T. We have C”/ ; = D/ ; = 0 for any 5 € AL\ {7} since all
tags of v and § are the same by Theorem 271 By Lemma m there is a 0 € Ags such that B, 5 # 0 if

and only if S is not a torus. In particular, we can take ¢ as in AS since By, is independent of tags.
Therefore, T have wCIV if and only if S is a torus. This gives the desired equivalences. O

We are ready to give the main result of this section.

Theorem 2.10. For T € Tgs, the following are equivalent:

(1) T has CIV;

(2) T has neither loops nor tagged arcs connecting punctures;

(3) Int(v,p(v)) =1 for any v € T';

(4) Wt(vy,p~' (7)) =1 for any v € T.
Proof. Using the notations in Proposition [Z3] Lemma 2:4(1) implies that T have CIV if and only if
Bys=Cl;=D];=0forany vy € T and 6 € As\{T'}. By Lemma [2.4(2) and (3), their equalities
hold for T satlsfylng (2), that is, (2) implies (1). The inverse follows from Lemmas 2:4(3) and It
is straightforward to check the remaining equivalences. In fact, Table [ lists all kinds of tagged arcs
up to changing all tags at each puncture. It gives that v € Ags is neither a loop nor a tagged arc

connecting punctures if and only if Int(v, p(y)) = 1. Similarly, it is equivalent to Int(vy, p~1(y)) = 1.
Thus (2), (3) and (4) are equivalent.

Theorem 2.11. For T € Ts, it has wCIV if and only if it has CIV or S is a torus with exvactly one
puncture.

Proof. Since CIV and wCIV are equivalent except that S is a closed surface with exactly one puncture,
the assertion follows from Proposition a

In general, the conditions (1) and (2) in Proposition 2.9 are not equivalent. We also characterize S
satisfying each condition.
Theorem 2.12. Let S be a marked surface.
(1) There is at least one T € Ts with CIV if and only if S is one of the following:
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[\
[\
=~

Int (v, p(v)) 1 1

TABLE 2. QZ-intersection number of each tagged arc y and its tagged rotation p(7)

e a marked surface of genus zero with S # 0;

e a marked surface of positive genus with 0S # 0, |M| > 3 and |[M N IS| > 2.
(2) AT € Ts have CIV if and only if S is one of the following:

e a polygon with at most one puncture;

e an annulus with |M| = 2.

In (1) and (2), we also have the similar statements obtained by replacing CIV with wCIV and adding
the case that S is a torus with exactly one puncture.

Proof of Theorem [2.12(2). By Theorem 210 all T € Ts have CIV if and only if there are neither
loops nor tagged arcs connecting punctures in S. It is easy to check that S appearing in (2) satisfies
such conditions. In other cases, S satisfies at least one of the following:

e there are at least two punctures;
e the genus of S is positive;
e there are at least two boundary components and |M| > 3.

In each case, we can take a loop or a tagged arc connecting punctures as in Figure @l Thus (2)
holds. 0

- @@ @@

FIGURE 4. A loop or a tagged arc connecting punctures on each marked surface which
does not appear in Theorem [Z122)

To prove Theorem 2:T12(1), we prepare the following property.

Proposition 2.13. Suppose that S # () and there is a T € Tg with CIV. Then there is a T' € T
with CIV if S’ is a marked surface obtained from S by one of the following:

(1) adding a marked point on 0S;
(2) adding a puncture;
(3) adding a boundary component with exactly one marked point.

Proof. Up to homotopy, we can take a puzzle piece A of T whose side is a boundary segment of S
such that the added marked point or boundary component is in A. We obtain 7" € Tg from T by
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adding puzzle pieces in each case as follows:

T 77777777777777 97
11T 77777

T 777777777777 7777 %7 T 777777777777 77779
7770177777777 717177777

~
N
ANNNNNNNAY

LANNNNNNAN L
N

In all cases, T” has neither loops nor tagged arcs connecting punctures since T is so. Thus it also has
CIV by Theorem 2.10 g

Proof of Theorem [212(1). If 3S = (), then any tagged arc of S connects punctures. Thus any T € Tg
does not have CIV by Theorem [ZI0l Therefore, we assume that 95 # (). Let g be the genus of S and
P the set of punctures of S. We consider five cases.

Case 1. ¢ = 0. By Theorem [ZT12(2) and Proposition [ZT3] there is a T € Ts with CIV except for a
monogon with at least two punctures since we assume that S is not a monogon with at most one
puncture. For a monogon with exactly two punctures, two pairs of conjugate arcs form a tagged
triangulation with CIV as in the proof of Proposition By Proposition again, there is a
T € Ts with CIV for any S with g = 0.

Case 2. ¢ > 1,|M \ P| = 1. Suppose that there is a T' € Ts with CIV, that is, T has neither loops
nor tagged arcs connecting punctures by Theorem 2.10l By this condition, 7" must be constructed as

follows:
l = 1y 111" S G U : lip| lip—1
W\

In fact, for the unique boundary segment b, a puzzle piece of T" with b must be a triangle brl; whose
one vertex is a puncture. If [; = r, then S is a sphere, a contradiction. Suppose that [y # r. Then
another puzzle pieces of T" with I; must be a digon [1l;. Similarly, a new puzzle piece of T' with I;
must be a digon l;l;y1 for 1 <4 < |P| -1, and [|p| must be r. Then S is a sphere, a contradiction.
Therefore, there is no T' € Ts with CIV.

Case 3. g > 1,|M| =2, P = (). Suppose that there is a T' € Ts with CIV. By P = (), all puzzle pieces
on S are triangles. Moreover, S has one of the following:

(3a) one boundary component with two marked points;
(3b) two boundary components with one marked point.

In the case (3a), a triangle of T' with a boundary segment must contain a loop, a contradiction. In the
case (3b), there is at least one v € Ag connecting the distinct marked points. Then each triangle of T
with « must contain a boundary segment as follows:
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It reduces to (3a), hence a contradiction.

Case 4. g > 1,|M \ P| > 3. We construct T' € Ts with CIV for |M| =3 and P = (), thus for all cases
by Proposition 2.13l In which case, S has one of the following:

(4a) one boundary component with three marked points;
(4b) two boundary components, one has one marked point and the other has two marked points;
(4c¢) three boundary components with one marked point.

In the case (4a), we take the following triangle A:

We obtain a marked surface S’ from S by cutting along the sides of A and removing A. Thus its
genus is ¢ — 1 and it has two boundary components with two marked points, and no punctures. We
take the following triangles of S’

m/ m//

et

If ¢ = 1, then they form a tagged triangulation T’ of S’. Considering 7" as triangles on S, we get
T =T UA € Ts with CIV since their tagged arcs are not loops. If g > 1, then we can repeat the
above process since it reduces to the case (4a) for genus g — 1. By induction on g, we get T € Ts with
CIV. The cases (4b) and (4c) reduce to (4a) by considering the following triangles:

w (@)

Ab)
@;@

Case 5. ¢ > 1,|M \ P| =2,|P| > 1. We construct T' € Ts with CIV for |P| = 1, thus for all cases by
Proposition 213l In which case, S has one of the following:

(5a) one boundary component with two marked points;
(5b) two boundary components with one marked point.

The both cases reduce to (4a) by considering the following triangles:

The cases 1 to 5 above cover all cases of S with S # (). They imply that there is at least one

T € Ts with CIV if and only if S is one of the cases 1, 4, and 5. Thus the assertion holds. O

Proof of Theorem for wCIV. The assertions follow from (1), (2), and Proposition 2.9 O
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Example 2.14. For an annulus with exactly three marked points on the boundary, we consider the
tagged triangulations

By Theorem 210, T does not have CIV and usT has CIV. In fact, for v € pu3T and any tagged arc d,
(710) = Ay,s = Int(v,0).
On the other hand, for another loop p(3), we have
(3p(3)) = Az p(3) + B3 p3) =2+ (=1) = 1, and Int(3,p(3)) = A3z ,(3) = 2.
Thus we have (T|p(3)) = (1,1,1) # (1,1, 2) = Int(T, p(3)).

3. CATEGORIFICATION OF CLUSTER ALGEBRAS

We denote by Qg and @ the set of vertices and arrows of a quiver @), respectively. We say that an
oriented cycle of length one (resp., two) in @ is a loop (resp., a 2-cycle).

3.1. Cluster algebras. We recall (skew-symmetric) cluster algebras with principal coefficients [FZ07].
For that, we need to prepare some notations. Let n € Z>g and F := Q(¢1,...,t2,) be the field of
rational functions in 2n variables over Q. A seed with coefficients is a pair (c,Q) consisting of the
following data:

(1) c=(x1,---,Tn,Y1,---,Yn) is a free generating set of F over Q.

(2) @ is a quiver without loops nor 2-cycles such that Qo = {1,...,2n}.
Then we refer to the tuple (z1,...,z,) as the cluster, to each z; as a cluster variable and y; as a
coefficient. For a seed (c, Q) with coefficients, the mutation pi(c,Q) = (¢, ux@) at k (1 <k <n) is
defined as follows:

(1) ¢ = (24, 2, y1,...,Yn) is defined by

TT) = H Zj H Yj—n + H x; H Yj—n and z;, =x; if i #k,

(J—k)EQ1  (J—k)EQ: (J<k)EQ1  (J&k)EQ:

where 11 = =Top=1=y1_pn =+ =1yo.
(2) pr@ is the quiver obtained from @ by the following steps:
(a) For any path ¢ — k — j, add an arrow i — j.
(b) Reverse all arrows incident to k.
(¢) Remove a maximal set of disjoint 2-cycles.

We remark that py is an involution, that is, we have pgur(c, @) = (c, Q). Moreover, it is elementary
that pr(c, Q) is also a seed with coefficients.

For a quiver @ without loops nor 2-cycles such that Qo = {1,...,n}, we obtain the quiver Q (resp.,
Q) from Q by adding vertices {1/,...,n'} and arrows {i — i’ | 1 <i < n} (resp., {i « i’ | 1 <i < n}).
We fix a seed (¢ = (Z1,..., Tn, Y1y-- - Yn), Q) with coefficients, called the initial seed. We also call the
tuple (z1,...,x,) the initial cluster, and each x; the initial cluster variable.

Definition 3.1. The cluster algebra A(Q) = A(C,Q) with principal coefficients for the initial seed
(c, Q) is a Z-subalgebra of F generated by all cluster variables and coefficients obtained from (c, Q)
by sequences of mutations.

We denote by cl-var @ (resp., cluster @) the set of cluster variables (resp., clusters) of A(Q). One
of the remarkable properties of cluster algebras with principal coefficients is the strongly Laurent
phenomenon as follows.
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Proposition 3.2 ([FZ07, Proposition 3.6]). Fvery x € cl-var Q is expressed by a Laurent polynomial

of T1,. -y Tpy Y1y-- -, Un
F(xlw"axnuyla"wyn)

AN DN

where d;(x) € Z and F(x1, ..., Tn,Y1s--,Yn) € Z[X1, ..., Tny Y1, - - -, Yn] 18 not divisible by any x;.

Definition 3.3. Using the notations in Proposition[3.2] we call d(z) := (d;(z))1<i<n the denominator
vector of z, and f(x) := (fi(z))1<i<n the f-vector of x, where f;(z) is the maximal degree of y; in the
F-polynomial F(1,...,1,y1,...,Yn) € Zly1,...,yn] of x.

We consider the following property of A(Q) or Q:
(d=f) d(z) = f(z) for any z € cl-var @ \ {initial cluster variables}.

In [FZ07, Conjecture 7.17], it was conjectured that any cluster algebra satisfies ([d=Il), but it does not
hold in general. In fact, the following counterexample was given in [FK10, Subsection 6.4].

Example 3.4. Let @ be a quiver
3
1 =2
and we compute the following sequence of mutations:

Y3 Y3

3 xh \ / xh
SN s N B LN
Tl ————= T2 .Tl _ 1‘2 xll 13/2

| | I I
Y1 Y2 yl y2 yl Y2 n Y2

where we put each cluster variable or coefficient on the corresponding vertex and the non-initial cluster
variables are expressed by Laurent polynomials
,ysti+aa , ysxl+xixa +yaysws ,  ysat + (Yiyeys + 1)zime 4+ y1y2yses + yayses
Ty = ——, T2 = y Ly = .
Zs3 ZL2T3 L1T2X3

Then we have that d(z}) = (1,1,1) # (1,1,2) = f(a}).

Remark 3.5. In this paper, we only consider skew-symmetric cluster algebras. However, we can also
consider the property (d=) for skew-symmetrizable cluster algebras. In fact, it is known that (d=I)
holds for skew-symmetrizable cluster algebras of rank 2 [FZ07, Corollary 10.10] or finite type [Gyo21]
Theorem 1.8].

Finally, we prepare the following notation.
Definition 3.6 ([Kell7]). A reddening sequence of Q is a sequence 11 of mutations such that (Q) = Q.

Note that a reddening sequence is also called a green-to-red sequence [Mull6], and Q admits a
reddening sequence if and only if a seed (c, Q) is injective-reachable [Qinl7].

3.2. Categorification of cluster algebras. We briefly recall a categorification of cluster algebras.
Let Q be a quiver without loops nor 2-cycles and W a non-degenerate potential of @ (see [DWZ0S]).
In particular, such W exists if K is uncountable [DWZ08|, Corollary 7.4]. The mutation of quivers with
potentials is defined to be compatible with mutations of quivers, that is, ux(Q, W) = (ux@, W’) for
k € Qo and some non-degenerate potential W’ of p,Q. Moreover, (Q, W) defines the Jacobian algebra
J = J(Q, W), the Ginzburg differential graded algebra I' = I'g w, and the generalized cluster category
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C =Co,w (see [Ami09, [ DWZ08| [Gin006), [Kel08 [Kelll]). The category C is a triangulated category with
a rigid object T', that is Hom¢(T', XT') = 0, and End¢(T)°P ~ J, where ¥ is the suspension functor.
For the idempotent e; associated with i € Qo, let I'; =T'e; and I'; = Ty @wyei- We take the cone
I'; of the morphism in C
= P I

(kei)GQl
whose components are given by the right multiplications of arrows. We say that pI' := (I'/Ty) & T’}
is the mutation of T at k € Q9. Moreover, there is a triangle equivalence

Curi@w) =€
which sends I, to I'; for i # k and T}, to I'; [KYI1, Theorem 3.2] (see also [Plallbl, Subsection 2.6]).
Then we consider sequences of mutations from I' as follows: For kq,...,k; € Qo, there is a triangle

equivalence from C,,, ... i, (QW) 1O C given by the sequence of the above triangle equivalences
J

Coar, oy @) = = Cup @w) = €,
and p; - - pk, I' is defined by the image of I', ..., (Qw). Note that g, - puy, I' is also rigid. We
J

denote by rigid" C the set of isomorphism classes of rigid objects in C obtained from T’ by sequences
of mutations, and by irigidF C the set of isomorphism classes of indecomposable direct summands of
I € rigid" C. Let modJ be the category of finite dimensional left J-modules.

Proposition 3.7 ([Plallb, Lemma 3.2 and Subsection 3.3]). There is a full subcategory D of C
including all objects in irigid" C with an equivalence of categories

Home (27T, —) : D /(I') = mod Ende (X 7'T)°P ~ modJ,
where (T) is the ideal of morphisms of C which factor through T.
Let P, = Je; for i € Qp. By Home(T';, XT') = 0 and Proposition B7] we have
Hom s (P;, Home (27T, X)) ~ Hom j(Home (2 7'T, 27!T;), Home (27T, X))
~ Home (37T, X).
In particular, taking X = % 7!T";, we have
(3.1) End;(P;) ~ End¢(T;).
The following is a main result of the categorification of cluster algebras.
Theorem 3.8. (1) [Plallb, Theorem 4.1][IKLFPI3| Corollary 3.5] There is a bijection
Cr : irigid" € + cl-var Q
which sends T'; to the initial cluster variable x; for i € Qo and induces a bijection
Cr : rigid" C «» cluster Q

which sends I' to the initial cluster and commutes with mutations.
(2) [DWZI0, Proposition 3.1][Plallal Subsection 3.3] For X € irigid", we have

£(Cr(X)) = dim Home (27T, X),
where the right side is the dimension vector of the J-module Home (X 71T, X).
Proposition B and Theorem give the map in the introduction
M = Mg.w := Home(37'T, C (=) : cl-var Q \ {initial cluster variables} — mod.J,
and f(x) = dim M(z) for € cl-var @ \ {initial cluster variables}. This implies the following.
Corollary 3.9. The quiver Q satisfies (d=diml) if and only if it satisfies (d=I).
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On the other hand, if J is finite dimensional, then C is a Hom-finite Krull-Schmidt 2-Calabi-Yau
triangulated category and T' is a cluster tilting object [Ami09, Theorem 2.1]. From this viewpoint, it
is important to check the finite dimensionality of J and one way to do it is given as a consequence of
[Plallbl Lemma 2.17].

Proposition 3.10 ([BDP14, Proposition 8.1]). If Q admits a reddening sequence, then J(Q,W') is
finite dimensional for any non-degenerate potential W' of Q.

4. CLUSTER ALGEBRAS FROM TRIANGULATED SURFACES

4.1. Cluster algebras from triangulated surfaces. Let S be a marked surface. To T € Tg, we
associate a quiver Q7 with (Qr)o = T and whose arrows correspond with angles between tagged arcs
of T as in Table[Bl We obtain a quiver Q7 without loops nor 2-cycles from Q7 by removing 2-cycles.
This construction commutes with flips and mutations, that is, pu,Qr = Q, r for v € T [FSTO08|
Proposition 4.8 and Lemma 9.7]. This implies that a quiver @ is obtained from Q7 by a sequence of
mutations if and only if Q = Q7+ for some T’ € Tg.

AAVARAF AN

TABLE 3. The quiver Qa associated with each puzzle piece /A

Example 4.1. For marked surfaces in Theorem [[4(2) (or Theorem 2.12(2)), it is easy to see the
associated quivers as in Table @ In particular, S is a polygon without puncture (resp., with exactly
one puncture) if and only if there is a T' € Ts such that Qr is a Dynkin quiver of type A (resp., D).
Moreover, S is an annulus with exactly two marked points (resp., a torus with exactly one puncture)
if and only if all associated quivers are Kronecker (resp., Markov) quivers. These immediately give
Corollary [[5] from Theorem [[4)(2).

The associated cluster algebra A(Qr) has the following properties.

Theorem 4.2. Let T € Ts.
(1) [ESTOS8| Theorem 7.11)[FT18 Theorem 6.1] There is a bijection
T Ag + cl-var Qr.
Moreover, it induces a bijection
TT ']Ig <> cluster Qr

which sends T to the initial cluster of A(Qr) and commutes with flips and mutations.
(2) [FZ07, (7.7)][FSTO8, Lemma 9.20] For v € A%, we have

d(zr (7)) = (Ty).
(3) [Yurl9, Theorem 7] For v € A%, we have
fer(v)) = Int(T, 7).
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T -
e
2
1 3
l /\
Qr| 1«23 2 1=2
3/ \4 1] ——=2

TABLE 4. The quiver Q7 associated with a tagged triangulation 7" of each marked
surface in Theorem [[.4)(2)

(4) IMill7, Theorem 1.1] If S is not a closed surface with exactly one puncture, then Qr admits a
reddening sequence.

By Theorem 2] we can apply the results in Section Bl to cluster algebras. In particular, we get
Theorems and [[4] from the following corollary.

Corollary 4.3. For T € Tg, it has wCIV if and only if Qr satisfies (d=diml).

Proof. The assertion follows from Corollary and Theorem O
Proof of Theorem[I.3. The assertion follows from Theorems 210, 211 and Corollary a
Proof of Theorem[I7] The assertions follows from Theorem and Corollary O

Example 4.4. For the tagged triangulation T' in Example 214l Q7 is the quiver in Example 3.4
Moreover, the sequence of mutations in Example [3.4] corresponds with the sequence of flips

In particular, we have p(3) = 1’ and zr (i) = } for i € {1,2,3}, where zj is the non-initial cluster
variable of A(Qr) appearing in Example B4l Then we can see d(zp(1')) = (T|]1") = (1,1,1) #
(1,1,2) = f(ar(1')) = Int(T, 1').

4.2. Categorification on triangulated surfaces. Let S be a marked surface and T € Ts. The
following property is given as a consequence of the classification of non-degenerate potentials of Qr
studied in [GGS15| [GLFS16, [GLFMO22, [LF09, [LF16bl Lad1l2] (see also [LE16al). It also follows from
Proposition and Theorem [.2/(4).

Theorem 4.5 (Finite dimensionality). If S is not a closed surface with exactly one puncture, then
J(Qr, W) is finite dimensional for any non-degenerate potential W of Qr.

We remark that if S is a closed surface with exactly one puncture, then there is a non-degenerate
potential W such that J(Q, W) is infinite dimensional [GLFS16, Proof of Proposition 9.13].

Let W be a non-degenerate potential of Q7. In the rest of this paper, we denote J = J(Qr, W),
I'=Tg,w,C=Cqrw, Py=Jey,and I, =Te, for vy € T = (Q7)o. By Theorems 3.8 and .2 we
have the bijection

(4.1) Xp = Cplar : As ¢ irigid" C
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which sends v € T to I';, and Int(7', §) = dim Home (X', X7 (6)). The following theorem was given
in [BQI5] under the assumption that J is finite dimensional, but the assumption automatically holds
by Theorem

Theorem 4.6 ([BQ15, Theorem 3.8]). If S is not a closed surface with exactly one puncture, then we
have X1 (p()) = X Xp(y) for v € As.

We are ready to give equivalences including Theorem

Theorem 4.7. If S is not a closed surface with exactly one puncture, then the following are equivalent:
(1) Qr satisfies (d=diml);
(2) Ende(Ty) ~ K for anyy € T;
(3) Endy(Py) ~ K for any vy € T.

Proof. Under the assumption, CIV and wCIV are equivalent. Then (1) is equivalent to Int(v, p~1 (7)) =
1 for any v € T by Theorem and Corollary 3l By (41 and Theorem [£.0, we have

Int(y, p~ (7)) = dim Home (57105, Xz (p ™ (7))
= dim Home (7', 271 X7 (7))
= dim End¢(T5).

Therefore, (1) and (2) are equivalent. The equivalence between (2) and (3) follows from (BI]). O

We also consider Corollary from the viewpoint of cluster categories. The following theorem
was also given in [Yur20] under the assumption that J is finite dimensional, but the assumption
automatically holds by Theorem

Theorem 4.8 ([Yur20, Theorem 1.4]). If S is not a closed surface with exactly one puncture, then all
indecomposable rigid objects in C are contained in irigid" C.

We add one condition to Corollary under the assumption that S is not closed surface with
exactly one puncture.

Proposition 4.9. If S is not closed surface with exactly one puncture, then the following are equiva-
lent:

(1) Qr satisfies (d=diml) for any T € Ts;
(2) Qr is either Dynkin type or a Kronecker quiver for any T € Ts;
(3) Ende(X) ~ K for any indecomposable rigid object X € C.

Proof. By the assumption and Theorem 2.7] we have Tg = ng. Then the equivalence between (1) and
(2) is just Corollary [[L5l
For a sequence p of mutations, the definition of mutations of I" gives that

Ende(pl') = Ende, . w) (Du@r,w))-

Therefore, by Theorem BT, u(Qr) = Qur satisfies (d=dim)) if and only if Endc,, . (X) =~ K for

any indecomposable direct summand X of I'; g, w), which is also equivalent to Endc(Y) ~ K for
any indecomposable direct summand Y of uI'. Thus the equivalence between (1) and (3) follows from
Theorem (1.8 O

5. EXAMPLE

We consider an example which is not covered by [BMR09]. For an annulus with three marked points
on the boundary and one puncture, we consider the following tagged triangulation and the associated
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quiver:

We take a non-degenerate potential Wr of Q@ given in [LFQ9] (for a puncture p, we take the parameter
xp = —1) as follows:

Wr = bagas + cazas — agasasazasa.

Then the associated Jacobian algebra J(T) := J(Qr, Wr) is the quotient of the path algebra K Q1 by
the ideal generated by

agaz, a3as, AA5040302, A3042010605,

baﬁ — 106050403, azb — a5a4030a2a1, Caz — A403020106, A5C — 201060504 .

The indecomposable projectibe module J(T)es is described by

a63a3

N

Q
=

a4

S
N)

Gl B — W N ——

as

)
w

ae

s}
W

ai

4
|
5
|
3
|
1
|
2
Py

where all paths from the top vertex to each vertex coincide in J(7T') and the paths for all vertices form
a basis of J(T)es. In particular, the dimension vector is given by the numbers of tagged arcs appearing
in the diagram, that is,

dim J(T)es = (2,2,4,2,2).

Therefore, since dim End ;1) (J(T)es) = 4 # 1, Q7 does not satisfy (d=diml) by Theorem A7 Note
that the dimension vector is also given by Int(7, p~%(3)) in the same way as the proof of Theorem A7
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Next, we consider the tagged triangulation 37" and the associated quiver:

Qg 4
/
7
N S
psT = 3 Qg
B2
AN
(o51 2

We take a non-degenerate potential W7 of Q7 as follows:
Wyt = 728104 + Boy102 + gazanas.
Note that the quivers with potential (Q,7, Wy,r) and ps(Qr, Wr) are right-equivalent [LE09, The-
orem 30]. Then the associated Jacobian algebra J(usT') := J(Q 1, Wy,T) is the quotient of the path
algebra KQ,,r by the ideal generated by
a2, Prou, aofa, Mo, asazaz, azaioy
Y21 — azazan, Poyi — arouas.

All indecomposable projectibe J(usT)-modules are described as follows:

A SR A A
o o o o fbn o
%g/ a1£/

We can see that dimEnd(J(usT)e;) = 1 for any 1 < i <5 and Q,,r satisfies (d=dim) by Theorem
47
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